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Summary. A major obstacle to the understanding of gra- 
dient-driven transport systems has been their apparently 
wide kinetic diversity, which has seemed to require a va- 
riety of ad hoc mechanisms. Ordinary kinetic analysis, 
however, has been hampered by one mathematically 
powerful but physically dubious assumption: that rate li- 
mitation occurs in transmembrane transit, so that ligand- 
binding reactions are at equilibrium. Simple models lack- 
ing that assumption turn out to be highly flexible and are 
able to describe most of the observed kinetic diversity in 
co- and counter-transport systems. 

Our "minimal" model of cotransport consists of a 
single transport loop linking six discrete states of a car- 
rier-type molecule. The state transitions include one trans- 
membrane charge-transport step, and one step each for 
binding of substrate and cosubstrate (driver ion) at each 
side of the membrane. The properties of this model are 
developed by sequential use of realistic experimental sim- 
plifications and generalized numerical computations, fo- 
cussed to create known effects of substrate, driver ion, and 
membrane potential upon the apparent Michaelis parame- 
ters (Jm,x, Kin) of isotopic substrate influx. 

Specific behavior of the minimal model depends upon 
the arrangement of magnitudes of individual reaction con- 
stants among the whole set (12) in the loop. Well defined 
arrangements have been found which permit either in- 
creasing membrane potential or increasing external driver- 
ion selectively to reduce the substrate K,,, elevate Jm,• 
jointly raise both K,, and Jmax, or lower K m while raising 
Jmax" Other arrangements allow rising internal driver ion 
to act like either a competitive or a noncompetitive in- 
hibitor of entry, or allow internal substrate to shut down 
("transinhibit") influx despite large inward driving forces. 

These findings obviate most postulates of special 
mechanisms in cotransport: e.g., stoichiometry changes, 
ion wells, carrier-mediated leakage, and gating - at least 
as explanations for  existing transport kinetic data. They 
also provide a simple interpretation of certain kinds of 
homeostatic regulation, and lead to speculation that the 
observed diversity in cotransport kinetics reflects control- 
related selection of reaction rate constants, rather than 
fundamental differences of mechanism. 
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Introduction 

Over the past 20 years, it has become clear that 
most solutes recognized as "actively" transpor- 
ted through biological membranes are in fact 
driven by coupling to the downhill movement 
of specific ions: sodium ions in animal cells and 
protons in prokaryotic cells and walled euka- 
ryots. And the sodium ions or protons are in 
turn driven uphill through the same membranes 
by coupling to hydrolysis of ATP. The molec- 
ular devices that accomplish coupling between 
Na + or H + and other solutes (first postulated 
by Crane, Miller and Bihler (1961) and Mitchell 
(1963) have come to be known as cotransport 
systems or symports (when the "driver" ion and 
coupled solute move in the same direction) and 
countertransport systems or antiports (when the 
driver ion and coupled solute move in opposite 
directions). 

Initial observations that many transport sys- 
tems exhibit Michaelis-Menten kinetics led to 
attempts to describe carrier-mediated transport 
in terms analogous to enzyme kinetics (Wil- 
brandt & Rosenberg, 1961). Since that time, it 
has been customary to analyze co- and counter- 
transport mechanisms by asking how the levels 
and concentration gradients of the driver ion 
affect transport kinetics of the coupled sub- 
strate. An early analysis by Schultz and Curran 
(1970) predicted that the specific effect of the 
driver ion on solute flux could be sufficient to 
deduce binding order of the two ligands. 

Experiments with a wide range of transport- 
ing membranes have revealed great kinetic hete- 
rogeneity in co- and counter-transport mecha- 
nisms. Variations of driver ion concentration 
can have selective effects either on the apparent 
Michaelis constant (Kin) for coupled solute flux 
(in animal cells: Curran et al., 1967; Munck & 
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Schultz, 1969; Aronson & Sacktor, 1975; in 
bacteria: Stock & Roseman, 1971; Niiya et al., 
1980; in fungi: Cuppoletti & Segel, 1975a; in 
plants: Delrot & Bonnemain, 1981; Despeghel 
& Delrot, 1983), or on the Jm~x (in animal cells: 
Goldner, Schultz & Curran, 1969; Peterson & 
Raghupathy, 1973; Hopfer, 1977; in bacteria: 
Lanyi, 1978), or jointly on both K,, and dm~x 
(Inui & Christensen, 1966; Eddy, Mulcahy & 
Thomson, 1967). 

The data have spawned a variety of detailed 
carrier schemes, but intrinsic algebraic com- 
plexity has led, with a few exceptions (e.g., 
Stein, 1976; Hill, 1977), to use of one major 
simplifying assumption: that the carrier exists 
in equilibrium with transported ligands, making 
transmembrane transit rate-limiting to the over- 
all rate of transport (Vidaver & Shepherd, 1968; 
Schultz & Curran, 1970; Heinz, Geck & Wil- 
brandt, 1972; Jacquez, 1972; van den Broek & 
van Steveninck, 1980; Turner, 1981). While this 
assumption is indeed powerful from an alge- 
braic point of view (reducing by almost twofold 
the number of reaction "constants" to be mani- 
pulated), it is hindered by the absence of physi- 
cal support and divergent mechanistic con- 
sequences. For example, "quasiallosteric" ac- 
tion of driver ions on carrier affinity for the 
coupled solute seems required to account for 
selective K m effects (Heinz et al., 1972; Geck & 
Heinz, 1978); and ionic modulation of intrinsic 
carrier mobility has been postulated to account 
for d ~  x effects (Heinz et al., 1972). 

Such separate modes of action of ions on 
coupled transport systems has seemed awkward 
to us and improbable in view of the close evo- 
lutionary and functional relationships between 
systems displaying separate K m and Jmax effects 
(see, for example, summary for Na+/amino acid 
cotransport in Cohen, 1980). It is therefore the 
purpose of this paper to develop a general mo- 
del, for isotopic fluxes through cotransport sys- 
tems, which makes no a priori assumption 
about which reaction step in the overall trans- 
port cycle is fast, or which is rate limiting. The 
model also avoids all special postulates, such as 
those involving electric field-induced changes in 
microscopic ion activity, and deals only with 
the straightforward consequences of ordered 
binding and unbinding of the driver ion and 
coupled solute. One of our major purposes has 
been to examine the kinetic flexibility of the 
simplest models for cotransport. [Those models 
with the fewest steps and carrier states involve 
ordered binding of ligands. Therefore, we con- 

sider these models in detail rather than those 
involving random addition of ligands or transit 
of the membrane by partially-loaded carrier 
forms; the latter schemes are certain to be at least 
as flexible as the models under consideration. 
However, some basic properties of the kinetic- 
ally more complex schemes are considered in 
the Discussion.] The major conclusion that emer- 
ges is that the entire observed range of kinetic 
relationships between driver ions and coupled 
solutes depends only on the relative magnitudes 
of individual reaction constants in the overall 
transport cycle. From this perspective, only mi- 
nor changes - from one co- or counter-trans- 
port system to another - are required by the 
diverse published data. A preliminary report of 
these results has been presented (Sanders et al., 
1982). 

The Model 

OUTLINE AND ASSUMPTIONS 

In keeping with the definitions and conventions of a pre- 
vious discussion (Hansen et al., 1981), we shall treat here 
only Class-I cotransport models: those having a single 
transport loop, in which the carrier transits the membrane 
by one path as a charged species and transits by one other 
path as a neutral species. For  the purpose of current- 
voltage analysis, all such models - regardless of the total 
number of reaction steps they contain - can be reduced to 
a two-state form, in which all voltage-independent steps 
are lumped together. Such extensive reduction is not pos- 
sible, however, when unidirectional (isotopic) flux is to be 
examined as a function of the concentrations of two li- 
gands binding at both sides of the membrane. In that case 
the minimal model contains six forms of the carrier, and a 
conventional 6-state transport cycle has been adopted for 
the present analysis. [The manner in which empirical re- 
action constants would need to be reinterpreted, should 
still more carrier states be identified in a particular co- or 
counter-transport system, can be described by means of 
"'reserve factors" (Hansen et al., 1981), as discussed in Ap- 
pendix III.] 

Simple Class-I cotransport models with two ligands 
(H § S) and six states of the carrier (X) can be drawn in 
four different ways, depending on the order of binding and 
release of the driver ion and coupled substrate. These are 
shown in Fig. 1. If we assume a system designed for cel- 
lular uptake of a substrate (S), ordered binding and release 
of substrate relative to the driver ion can occur in one of 
four ways: first on-last off (Fig. 1A), first on-first off 
(Fig. 1B), last on-last off (Fig. 1C), and last omfirst off 
(Fig. 1D), Use of H + as the driver ion is arbitrary, of 
course, as is assignment of charge transport to the doubly- 
loaded carrier (permeable carrier forms: SXH + and X) 
rather than the unloaded carrier (SXH and X-). Neither 
assumption affects the fundamental kinetic relationships 
between transported ions and coupled substrates, although 
charge transport via X-  does change certain algebraic 
terms, in a symmetric fashion among the four reaction 
diagrams. 
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All of the diagrams in Fig. 1 can be represented by 
the single scheme drawn in Fig. 2A, in which bound li- 
gands at the inner and outer faces of the membrane are 
combined into the carrier-state concentrations Ns, N1, N,~, 
and N2; and free ligand concentrations are subsumed into 
the unidirectional reaction constants, k53 , ks~ , k64, and 
k42. Under the condition that the particular ion or sub- 
strate concentration is not changing, this compressed no- 
tation is convenient for algebraic manipulation. If it is 
necessary to make a concentration explicit, then the fol- 
lowing correspondence can be defined, for example with 
reaction constants in the first on-last off ("FL ' )  model, 

. . . .  H + . o S �9 Fig. 1A: k53-k53[S]i , k31=k31[ ]i, ko4=k6,*[ ]o, and 
k42=k~ where in each case k ~ designates the true 
reaction constant defined without respect to ligand con- 
centration. Explicit parameter-substrate correspondences 
between the generalized diagram of Fig. 2A and all four 
ordered diagrams of Fig. 1 are given in the legend to 
Fig. 2. The right half of the figure (B) transfers the sub- 
scripting nomenclature of Fig. 2A to the "FL" model of 
Fig. 1, and is intended as a ready reference for the pre- 
sentation of results, particularly the discussions of Figs. 2- 
14. 

The majority of co- and counter-transport systems 
thus far examined operate electrophoretically, transporting 
net positive charges inward across cell membranes. This is 
true for amino acids, sugars, anions [e.g., CI-  driven with 
H + (Sanders, 1980b) or glutamate and H § (Mitchell, 
Booth & Hamilton, 1979)], and cations [i.e., Ca + + driven 
against Na + (Reeves & Sutko, 1980)1. It is essential, there- 
fore, to incorporate the effect of the membrane electric 
field on the transport system. At present that must be 
done somewhat arbitrarily, and we have adopted as a first 
approach the procedure of L~iuger and Stark (1970), as- 
suming the existence of a symmetric Eyring barrier in the 
membrane. For the diagrams of Figs. 1 and 2, the reaction 
constants for the charge-transit step can then be written 

k 12 = k~ 2 exp (z u/2) 

and 

k21 =k~ exp(-zu/2)  ( la,  b) 

in which z is the net charge on the carrier during transit, u 
is the reduced membrane potential, defined as FAO/RT, 
and the k~ are the transit reaction constants at zero 
membrane potential. (A ~ is the measured membrane po- 
tential, taking the cell exterior to be zero; and F, R, and T 
have their usual meanings. The factor 2 indicates sym- 
metry in the Eyring barrier; in a more general form of Eq. 
(1), this could be replaced by a separate parameter to 
indicate the position in the membrane of the barrier peak.) 

Precisely analogous equations obtain in the case (not dia- 
grammed in Fig. 1) whert crossing of the unloaded carrier is 
taken to be the charge-transit step: 

k 5 6  = k ; 6  exp(zu/2) 

and 

k65 =k;5 exp( - - zu /2 )  (2a, b) 

though is must be kept in mind that z itself is then 
negative. 

Three additional properties will be assigned to the 
diagrams of Figs. 1 and 2: (i) All reaction steps drawn are 
physically discrete, and in particular the electric field 
through the membrane affects only the charge-transit step, 

out in out in 

X ~ - - - ~  X X , ~X 

SX SX SX XH § 

SXH +, ", SXH + SXH+~----~ SXH + 

A:  Substrate f irst on - l os t  of f  B: First o n - f i r s t  off  

X~ xX X \  xX 

H+q ?s t "+ 
XH* XS XH § XH + 

SXH § ~ SXH § SXH+~ - - ~  SXH* 

C: Lost o n -  last of f  D: Lost on - f i r s t  o f f  

Fig. 1. The four topologically alternative models for co- 
transport of a solute (S) with a driver ion (H+), mediated 
by a carrier (X). All models depict transport of positive 
charge on the loaded carrier; other cases in which the 
loaded carrier is neutral and the unloaded carrier ne- 
gatively charged are also considered in the text. The mo- 
dels assume that only the unloaded and fully loaded forms 
of the carrier permeate the membrane 

A B 

out  in out in 
N6- k65 ~N5 X 65 ~ X 

k64;k46 k56 kb51,k53 S 644147~--~351~53 s 

N 4 N 3 SX SX 

k42~k24 k k131ksI H + 424[24 I ~ 1  H + 
21 + 2__~.~ 

N* ,  - - - = : ~  N, SXH ~ SXH + 
~- kl 2 * 

General ized 6 -s ta te  c a r r i e r  "FI2' Model 

Fig. 2. The general model describing all four carriers in 
Fig. 1. (A): Reaction from carrier state N~ to state Ni is 
characterized by the reaction constant ku, as shown. 
Where appropriate, designated reaction constants subsume 
terms for membrane potential [see Eqs. (1) and (2)1 or 
ligand concentrations. Since binding order is different for 
each of the four carrier models in Fig. i, the ligand sub- 
sumed in each of the reaction constants k64 , k42 , k53 and 
ks~ varies, and the identities are given below. 

Parameter-ligand correspondence for 6-state cotransport 
systems 

Generalized Ordered diagrams 
diagram 

"FL . . . .  F F  . . . .  LL . . . .  LF"  
(Fig. 1A) (Fig. 1B) (Fig. 1C) (Fig. 1D) 

k6~ k;~. [s3o [S]o EH*]o [W]o 
k~ k;~. [U+]o [H+]o [S]o [S]o 
%, k;1.[H+], [S], [H+], [s], 
k 5 3  k53. [S]~ [H+]i [S]i [H+]i 

(B): Hybrid drawing of the "FL" model (Fig. 1A) display- 
ing the subscripts for reaction constants. This is given as a 
nomenclatural reference for Results, particularly to assist 
with the description of Figs. 3-14 
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not the chemical binding reactions at the membrane in- 
terfaces. This seemed, to us, the simplest assumption to 
make concerning the effect of A 0. (ii) Under any experi- 
mental condition considered, the transport system is in 
steady state; that is, for each state (1) of the carrier dN/dt 
=0. (iii) The total concentration of carrier in the mem- 
brane is constant and can be defined as 

N=-r3N3 +q Nl +r2Nz +rgN4 +r~N6 +rsNs (3a) 

in which the r's (>1), which can be called reserve factors, 
explicitly allow for the possibility that a "real" cotrans- 
port system may have more carrier states than the six 
depicted in Figs. 1 and 2 (see Appendix II). For im- 
mediate purposes, it is sufficient to ignore this possibility 
and assume that all r's are unity. Then, 

(3b) 

Table 1. Expansion of terms in Eqs. (4), (5), and (6)" 

FIRST ON (Fig. IA,B) 

11161 = k13k35k56[k46(k21+k24) + k42k21] + k46k24k 12[k31 (k53+k56) + k35k56) 

A 6 = k46(k24+k21)[k65k53(k13§ + k13k35(k65+k56 )] + (k42k21k13§ 

[k65(k35+k53 ) + k35k56] + k53k65k12k31(k46+k42+k24 ) + k46k24kl 2k31 " 

(k53+k56+k65) + k65k42k21k31k53 

k~ k~4{(k56*k53)[k42k21(k13+k31) + k12k31(k42+k24)] + 

k35k56[(k42+k24)(k12+k13) + k42k21 ] + k21k13k35(k42+k56)} 

First off (Fig. 1B) Last off (Fig. IA) 

P =k k k k k k k 
42 21 13 42 21 13 35 

I*MI = k46k24(k12+k13 ) + (i) k35[k46k24(k12+k13 ) + 

k21k13(k46+k42) (i) k21k13(k#6+k42)] + k46k24k12k31 

(ii) k46 [k13k35 (k24+k21) + 

k24k12(k31+k35)J + k42k21k13k35 

LAST ON (Fig. IC,D) 

]M4I - k35k56k64[k24(k12+k13) + k21k13] + k24k12k31[k53(k65+k64 ) + k56k64) 

A 4 " k24(k12+k13)[k46k65(k35+k53 ) + k35k56(k46§ + (k21k13k35+k24k 1 2k31 )" 

[k46(k56+k65 ) + k56k64] + k65k46k31k53(k24+k21+k12 ) + k24k12k31k53" 

(k65+k64+k46) + k46k21k13k53k65 

k~ k~2{(k65+k64)[k21k13(k35+k53) + k31k53(k2i+k12)] + 

k56k64[(k21+k12)(k31+k35) + k21k13 ] + k13k35k56(k21+k64)} 

First off (Fig. ID) Last off (Fig. IC) 

p = k21k13 k21k13k35 

I*MI ffi k24(k12+k13 ) + k 2~ 13 (i) (ii) k13k35(k24+k21) + k24kl~k31+k35 ) 

k13(k24+k21 ) + k24k12 (ii) 

a Subscripting nomenclature used in this table is taken directly from the 
legend to Fig. 2. The algebraic expansions have been written in a fashion 
to emphasize similarities between corresponding terms obtained for 
different conditions. For example, ]M4L, A 4, and k ~ B 4 in the lower half 
table can be derived from IM6], A 6, and k~ (upper half table) by 
rotational symmetry. Also, two equivalent forms of I*MI (designated i, ii) 
are given for the first on-last off case and for the last on-first off case, in 
order to emphasize their direct relation to the other three cases. The 
relationships among the four forms of P can be seen by simple 
inspection. 
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(The order here: 3, 1, etc., is chosen simply to coincide 
with the sequence in the cycle diagrammed in Fig. 2 and 
to facilitate comparison with the matrix notation in Ap- 
pendix I). 

FORMAL DEVELOPMENT OF THE MODEL 

The most important relationship that emerges from alge- 
braic formulation of the model in Fig. 2A is that influx of 
isotopically labeled substrate (*S) obeys a hyperbolic re- 
lationship, as a function of the external substrate con- 
centration ([S]o). Specifically, when experiments are car- 
ried out with the internal specific activity ([*S]~/[Sl~) 
equal to zero (as usual for initial-rate measurements), it 
can be shown that unidirectional substrate influx is given 
by 

Jmax [$3o 
Js -Km .jff [S]o (4) 

in which [S]o and its influx (counterclockwise flow) are 
marked by the isotope, *S. Maximal velocity has the form 

P[M)I 
~rnax = g (5) BjI*MI 
and the Michaelis constant has the form 

K - A j  (6) 
m kOB/ 

The derivation of these relationships is provided in Ap- 
pendix I, but the meaning of the several terms in Eqs. (5) 
and (6) can be briefly stated as follows: 

N =Total  carrier (usually specified as a surface con- 
centration, such as moles/sq, meter), given by Eq. 
(3) above. 

P =Product  of all forward reaction constants from 
the first *S-hound state through *S release. 

A i+ k~ i[-Sjo =IM[ = characteristic determinant for the 
whole carrier system. IMI is the same for all 
binding sequences, but the composition of A. (21 

�9 J 

terms) and Bj (15 terms) differs, depending on 
whether k~4 or k~2 is extracted, j = 4 or 6. 

IM)] =Determinant associated with the S-binding form 
of the carrier. 

t*MI = Characteristic determinant for the isotopically la- 
beled portion of the carrier system. 

The explicit algebraic expansions of these terms are 
listed in Table l. Thus, Eqs. (4), (5), and (6) - taken 

together with Table 1, Eq. (1) or (2), and the parameter- 
substrate correspondence listed in the legend to Fig. 2 - 
give the principal relationships needed for calculating ef- 
fects of both membrane potential and driver-ion concen- 
tration on the kinetics of substrate transport by a simple 
Class-I cotransport system. The relationships cover all ca- 
ses of 1:1 (ion/neutral substrate) stoichiometry, for either 
charge sign of the carrier, and for all four ordered binding 
sequences. However, the models can easily be modified to 
include cases where tzl > 1. 

SIMPLIFICATION OF THE MODEL 
WITH EXPERIMENTALLY ATTAINABLE CONDITIONS 

Clearly the complete rate relationship, Eq. (4) expanded by 
Eqs. (5) and (6) and Table 1, is too complex to be very 
informative - on inspection - about the effect of varying 
any one parameter. Therefore, in order to explore the 
dependence of the K,, or Jma~ (for substrate transport) 
upon another parameter, such as the extracellular con- 
centration of driver ions, it is useful to obtain preliminary 
information about the likely overall effect of changing that 
parameter. Extracting such information can be greatly fa- 
cilitated by imposing physiologically verifiable conditions 
on the model, for test purposes only, and prior to numeri- 
cal analysis of the full rate-equation. Three different con- 
ditions, which have proven particularly useful in this re- 
gard, are set out below, along with the simplified equa- 
tions for Jm~x and K m which result from their use. Only the 
"FL"  model (first on-last off; Fig. 1A), with the doubly 
loaded form of the carrier assumed to be charged (FL+), 
is treated explicitly below; the corresponding equations for 
the " F F + " ,  " L L + " ,  and " L F + "  models, and for the 
unloaded carrier charged (FL- ,  F F - ,  etc.) are given in 
Appendix I, Table A 1. 

1) "Saturating A q":  That the membrane potential is 
large enough (cell interior negative) to be saturating in its 
effect on flux. The simplifying condition that k12 >>k21 can 
then be introduced into the complete rate equation�9 Pre- 
vious calculations (Hansen etal., 1981) have shown that a 
displacement of about 100mV negative to the carrier 
equilibrium potential is sufficient for saturation with re- 
spect to A~. Since many cells using H + -  coupled sub- 
strate transport have resting membrane potentials in the 
neighborhood of ( - )  200mV, this restriction can be 
achieved without excessive manipulation of substrate and 
driver-ion gradients. This notion is supported by experi- 
mental evidence on two H + cotransport systems, indicat- 
ing that A 6 is saturating at all normal resting potentials 
(Hansen & Slayman, 1978; Eelle, 1981). The resulting ex- 
pansion of Eq. (5), with k12>>k21, is 

'Jmax = [H+]~ k~2 k13 k35 k56 (7a) 

N [H+]ok~ as(kt3q-k56)]q-klak35k56 

k42 kl 3 k35 k56 (7b) 
[H+]ik~l k42(k53 q- k56)-1- k42 kl 3(k35 q-ks3 +ks6) -{-k3s ks6(k42 q-kl 3) 

in which the two different forms are written to emphasize their dependence on either external driver ion [H+Jo (7a) or 
internal driver ion [H+]~ (7b), according to the identities in the legend to Fig. 2. The corresponding expansion of Eq. (6) is 

{[H+]o k~ + k46} {k53 k65(k13 + k31) +kt3 k3s(k56 + k65)} 
Kin- - (ga) 

k~4 {[H+]o k~2 [(k13 +k31)(k53 +ks6)-}- k35 (kl 3 q- k56)] q-kl3 k35 k56} 

[I-I + ]i k~ 1 ks a k65 (k46 q- k42) -}- k 13 (k46 q- k42) [k35 (ks 6 q- k6 5) "}- k65 ks 3] (Sb) 
k~4 {[H+]i k~ 1 k42(ks3 + k56) "}" k4e kl 3(k3s q" k53 q- k56) -}- ka 5 ks6(k4z + kl 3)}" 
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Again, the two forms are written to emphasize their dependence on the external or internal driver-ion concentration, with 
Eq. (Sa) and (Sb) corresponding to the Jmax expressions of (7a) and (7b), respectively. As is to be expected from the 
assumption of saturating membrane potential, the reaction constants k12 and k2~ , for the voltage-sensitive steps, do not 
appear in Eqs. (7) and (8). From Eq. (1), it can be seen that k21 becomes very large so that it cancels out of the 
numerators and denominators of all expressions, while k12 approaches zero and drops out. Equations (7a, b) are 
rearrangements of Appendix Eq. (A 13a), and Eqs. (8a, b) are rearrangements of Appendix Eq. (A 13b). 

2) "Zero Trans-Ligand": That the intracellular concentration of coupled substrate is zero. This assumption resembles 
that made for calculating isotope fluxes, but is stronger in setting both [S]i and [H+]~ at zero. (For proton-coupled 
transport systems, this is not a strictly attainable condition, though it can be approximated if internal pH is high enough 
not to be rate limiting. For sodium-coupled systems, the condition can also be attained in practice if [ N a + ] ~ t h e  
inhibition constant for Na +, K~.) This allows both the reaction constants ks3 and k31 to be set at zero, so that Eq. (5) can 
then be written 

Jmax__ [H+]ok~2 k21 k13 k35 k56 
N [H+]ok~ 

k~l exp ( -  u/2) k42 k,3 k35 k56 
-k~ exp(-u/2)[kr +kas)+k13ka5(k42 +k56)]+(k~ exp(u/2)+k13) k~5k56(k42 +k2,,)" 

(9 a) 

(9b) 

In this case the expansion of Ymax has been written in two ways, emphasizing its dependence either on the external driver- 
ion concentration (9a) or on the membrane potential (gb). The corresponding formulas for K m are: 

[H*]o k~-2 k21 k13 k35 (k56 + k65) q- k46 k35 (k56 + k65) [k24(k12 q- k13) q- k21 kl 3] 
Kin- k;,{[H*3. G~[G5 k56(k:~ +k1~ + k1~)+ G, kldG5 +G6)] + G5 k56 [G~(k~ +G~)+ G, k~]} ' 

(lOa) 

[k~ 1 exp ( -  u/2) k t a (k46 -1- k42) -}- ]{~ 2 exp (u/2) k46 k24 q- k46 k24 k 13]" [k35 (k56 -}- ]s 
,-64t ]z~ Ik~ 21 exp(-u/2)[k42 k56(k13 +ka5)+k13 k35(k42 q- k56)3 +(k]2 exp (u/2)+k13) k35 k56(kr q- k24)}" 

(~ob) 

Equations (9a, b) and (10a, b) are rearrangements of Appendix Eqs. (A 14a) and (A14b), respectively. 
3) "Saturating Cis-Driver Ion": That the extracellular concentration of the driver ion is high enough to make the 

reaction (Fig. 1A) S X + H o + ~ S X H  + at the outer surface of the membrane limited only by the availability of the carrier 
SX. The reaction constant k42 is then very large, and 

a ~ a x  __ k~l exp ( -u /2)  k13 k35 k56 
N ~ k ~ k21 exp (-u/2)[k31(k53q~k56)q~k35 k56 -}-k 13(k35 q-k53 q" 56)] q-kl2 exp (u/2)[k31(k53 q-k56)-~k35 k56 ] q-k13 k35 k56 

k2 ~ kl 3 k35 k56 (11 a) 
[H+]ik~ +ks6)(kal +kli)+kgl k13(k35 +k53 +ks6)+ka5k56(k21+k12 +k13)" (lib) 

In this case the two expressions for Jmax are written to show their dependence on membrane potential and the intracellular 
concentration of driver ion, respectively. Finally, K m can be written for this case as 

g m 

k~ exp(-u/2)[k,3 k35(k56 q-k65 ) +k53 k65(k13 + k3~)] +k~2 exp (u/2) k3, k53 k65 
k~ {k~ exp(-u/2)[k31(k53 q-ks6) q-k35 k56 q-kla(k35-b ks3 4-ks6)] q- k~ exp (u/2)[kBl (k53 q-ks6) q-k35 k56] + k~3 k35 k56} 

[H+]ik~ q-k53)q-k35k56] 
[H+]r k~ + k56)(k21 + k~2) + k2t kt3(k35 +k53 + k56) + k~5 k56(k21 +k,2 +k,3 )" 

(12a) 

(12b) 

Equations (11 a, b) and (12a, b) are rearrangements of Appendix Eqs. (A 15a) and (A 15b), respectively. 
In the description that follows, our operating procedure has been to inspect the above equations in order to draw 

tentative rules describing the effects - on "Is, Jmax, or K,~ - of separately varying the extracellular driver-ion concentration, 
the membrane potential, or the intracellutar driver-ion concentration. We have then tested the rules for their range of 
general validity, using the full forms of Eqs. (4)-(6) (plus Table 1) for numerical computations. In all cases, the anticipated 
responses were obtained, thereby demonstrating that the rules that emerge from the simplified cases are general and not 
restricted to special physiological conditions. 

R e s u l t s  

I n  the  k i n e t i c  m o d e l s  of  Fig.  1, d e t e r m i n a t i o n  of  
h o w  a n  e x p e r i m e n t a l  c h a n g e  o f  d r i v e r - i o n  con -  
c e n t r a t i o n  (or  m e m b r a n e  p o t e n t i a l )  will  af fect  
t he  k ine t i c s  of  s u b s t r a t e  inf lux res ts  o n  the  re-  
l a t i ve  m a g n i t u d e s  of  the  r e a c t i o n  c o n s t a n t s  set  

o u t  in Fig.  2. W i t h  a few e x c e p t i o n s ,  it is poss i -  
b le  to  g e n e r a t e  e s sen t i a l ly  p u r e  c h a n g e s  in Jmax, 
p u r e  c h a n g e s  in K m, or  m i x e d  c h a n g e s  in Jmax 
a n d  K m b y  p r o p e r  o r d e r i n g  of  the  r e a c t i o n  c o n -  
s tants .  Th i s  ho ld s  t r ue  w h e t h e r  the  i n d e p e n d e n t  
v a r i a b l e  is e x t r a c e l l u l a r  d r i v e r - i o n  c o n c e n -  
t r a t i on ,  i n t r a c e l l u l a r  d r i v e r - i o n  c o n c e n t r a t i o n ,  
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or membrane  potential; it holds for either of 
the four binding orders; and it holds whether 
charge transfer occurs with the unloaded ( - )  or 
with the doubly loaded ( + )  carrier. Some ex- 
amples of the required ordering of reaction con- 
stants are listed in Table 2. The graphic de- 
velopment which follows is based on the 
"FL + "  model alone (Fig. 1 A). Preliminary guesses 
were made from the limiting conditions of Eqs. 
(7)-(12), and numerical computations were car- 
ried out using Eqs. (4)-(6), supplemented from 
Table 1 (for the " F L  + "  case). 

It is important  to note that absolute values 
of reaction constants are immaterial for the 
present kind of modelling; what matters is only 
their size relative to each other. Therefore, for 
simplicity in the numerical computations, as 
many constants as possible were fixed at unity 
(see Part A of Figs. 3, 5, etc.). In the case of 
ligand-binding reactions, each assigned value 
should be understood as an initial value, in 
which the concentration component  was started 
at 1 (e.g., [ H + ] o = l ,  in k42=[H+]ok~ for 
computation,  the product  was then changed in 
direct proport ion to the desired values of ligand 
concentration. 

In assigning values to the reaction constants 
in the numerical examples, we have not im- 
posed restrictions concerning the sites of exer- 
gonic and endergonic reactions. This is con- 
sistent with the view (Hill & Eisenberg, 1981) 
that energetic transitions of the carrier need not 
be associated with the reactions coupled to so- 
lute movement  per se, but can be localized in 
alternate parts of the carrier reaction cycle. For 
the sake of consistency between models, each of 
the models discussed in the next section is ini- 
tially poised at equilibrium, before we consider 
specific changes in driving force involving each 
of the components  [H+]o, Ar and [H+]i .  The 
equilibrium condition is simply that the pro- 
ducts of the clockwise and counter-clockwise 
reaction constants are equal. 

1. VARIATION OF EXTRACELLULAR DRIVER 
ION CONCENTRATION 

A. Selective Effects of [H+]o on K m 

1. Membrane Potential Negative and Sa- 
turating. Inspection of Eq. (7a) shows that Jm,x 
will be insensitive to changes of [H+]o when 
the voltage-insensitive reactions in forward 
transport  (counterclockwise, in Fig. 2) are slow: 
that is, when the product k 1 3 k 3 5 k 5 6  is small, so 

A C 

, X ~ X  6o 
So iZ.@o ' ,0" i ~ S ,  
+ SX SX . ~ 4o 

HO i ~  ' , L'~ Hi -- 
SXH+@ SXH + 20 

A~,:O v ~  
- 0.04 

[1-1~o=1 

I i I 

004 0.08 0.12 
[Slo' 

o.o45 B 

0.030 / ~ ~ ~ ~ -  3 

0.015 

I I I I I 
50 I O0 150 200 2. 50 

[s]o 
Fig. 3. Selective effect of external driver-ion concentration 
on Km. (A): Carrier model "FL +", poised at equilibrium, 
and capable of exhibiting a selective effect of driver ion on 
the K,, for transport of isotopic S from outside (left) to 
inside (right). Values for the individual reaction constants 
are shown in the model. Most are set to unity, and others 
were assigned according to the criteria outlined in the text 
and Table2. (B): Velocity-concentration plots for trans- 
port of isotopic S, at three different driver ion concen- 
trations. Membrane potential was set to zero, and N set to 
1. [S]o was adjusted through changes in k64 and [H+]o 
through changes in k42 (as shown in Fig. 2). (C): Double 
reciprocal plots of the curves in B 

that the concentration terms cancel from nume- 
rator and denominator.  If at the same time 
substrate dissociation at the membrane exterior 
is rapid (k46 large), then the numerator  of K,, in 
Eq. (8a) will be insensitive to [H+]o, but the 
denominator  of K m will be proportional to 
[H+]o . In other words, K,, will decrease in 
proport ion to increasing external driver-ion 
concentration. 

2. Zero Trans-Ligand. This case is very simi- 
lar to that just discussed. F rom Eq. (9a), Jmax 
will be insensitive to [H+]o when both doubly 
loaded forms of the carrier are slow to dis- 
sociate: i.e., when k24 and kla are small. 
Again, if substrate dissociation at the mem- 
brane exterior is rapid (k~6 large), K,, will vary 
in inverse proport ion to [H+]o (Eq. (10a)]. 
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3. Computations. Condi t ions  obtained in 1 
and 2 were used as a guideline to construct  Fig. 
3. As shown in part  A, all reaction constants, 
except k65, k56, and k46, were set at unity. The 
produc t  klak3sks6 was kept  small by assigning 
~) the value 10-3;  and k46 was set high, at 

~. Membrane  potential  was put  at zero, 
which is not a simplifying condi t ion - but  
rather  a more  general condi t ion than that  dis- 
cussed in 1 - since it retains both  k]2 and k ~  
in Eqs. (5) and (6). Finally, to poise the system 
at equilibrium, k 6 5  w a s  assigned the value 10 -6 
for the initial condit ions ([S]o = [H+]o = 1). 

Figure 3B shows the resultant computa t ions  
of t ransport  velocity, versus substrate concen- 
tration, at three different concentrat ions of dri- 
ver ion. F r o m  the double  reciprocal plot  of the 
same results (Fig. 3 C), it is clear that  the pri- 
mary  effect of raising [-H+]o is indeed to reduce 
the K,, for substrate transport .  The calculations 
were carried over nearly three log units of con- 
centrat ion for [H+]o, and summary  results are 
plot ted in Fig. 4. Linear propor t ional i ty  be- 
tween declining K,, and rising [H+lo holds for 
at least two log units of concentra t ion (and K,,). 
Over the same concentra t ion range, Jm~x re- 
mains nearly insensitive to [H+]o, varying less 
than 25 ~ from the value (5 x 10 -2) for equilib- 
r ium conditions. [As [-H+]o is raised above 
1000, for the condit ions in Fig. 4, Jm,x begins to 
decline. The reason for this cannot  be seen from 
the simplified Eqs. (7a) and (9a), but  substi- 
tut ion of the reaction constants in Fig. 3A into 
the full rate-equat ion reveals only a single sig- 
nificant term for [H+]ok~2 in the numerator ,  
whereas the denomina to r  varies as the square 
of [H+]o k]2 at these very high concentrations.  
This generates an interesting case, not  dealt 
with elsewhere in this paper, where a rise in the 
concentra t ion of driver ion results in a simul- 
taneous decline of both  Jm~x and Kin. ] 

B. Selective Effects of [H+]o o n  ']max 

With membrane  potential  assumed to be nega- 
tive and saturating, Eq. (7a) shows that  Jmax will 
vary in direct p ropor t ion  to [H+~o, when the 
product  of voltage-insensitive reaction con- 
stants, klak35k56, is large enough that  the 
[H+]o terms of the denomina to r  can be neglect- 
ed. This condi t ion is opposite to that  required 
for a selective effect on Km, but  accords with 
intui t ion in making H + binding rate-limiting to 
the forward operat ion of the t ransport  cycle. If 
k46 is also large, then [Eq. (8a)l Km will be 

2 d 

E 

2 
'o 

\.N,.,N,, N N  -2 

0 i l 
I 2 

hoq EH+]o 

Fig. 4. Selective effects of external driver-ion concentration 
([H+]o) on K,, can hold over at least two orders of magni- 
tude of [H+]o. Individual points are calculated from mo- 
del in Fig. 3A, and curves are drawn by eye. Point at 
which electrochemical gradient of driver ion is zero is at 
far left of figure ([H+]o=[H+]o=l , A~=0). Note negli- 
gible effects of [H+]o on dm,x" AS predicted by Eq. (7a), in 
conjunction with the condition in Table 2 (Row 1, Col- 
umn2), K m shows simple inverse proportionality with 
[H+]o: the slope of the log-log plot is negative and close 
to unity 

insensitive to [H+]o . Analogous  circumstances 
obtain when the condi t ion of zero trans-ligand 
is assumed;  then Eqs. (9a) and (10a) demon-  
strate that  k24 and k46 must be large. 

Numerical  results, calculated from Eqs. (4)- 
(6) and displayed in Fig. 5, buttress these con- 
clusions. As shown in Fig. 5A, k42 was set at 
10 -3 for [ -H+]o=l ,  in order to make  H + bind- 
ing rate limiting. For  symmetry,  the same value 
was used for H § binding at the cytoplasmic 
surface of the membrane.  The product  
kl,k3sk56 was made  large by letting k56 equal 
109 . And  finally, overall equil ibrium was im- 
posed, for [S]o = [H+]o = 1, by fixing k65 also at 
103. Figure 5B and C shows the Cartesian and 
double-reciprocal  plots of substrate-flux versus 
concentrat ion;  the pure effect on Jmax is evident. 
Figure 6 shows plots of K,, and Jmax extended 
over two log units of concentrat ion for driver 
ion. 

C. Parallel changes of K m and dm, x 

Equat ions  (7a) and (8a), for saturating negative 
membrane  potential,  yield parallel changes of 
K m and Ymax when both  denominators  are do- 
minated  by the EH +]o-independent term 
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Fig. 5. Selective effect of [H+]o on Jmax. (A): " F L + "  
model, at equilibrium, with values of the reaction con- 
stants as shown. Those not set to unity were assigned 
according to the criteria outlined in the text and Table 2. 
For the purposes of the modelling, all ligand concen- 
trations are set to unity at equilibrium, so that those 
marked "10 -3"  represent k~a and k;1, with [H +] ex- 
cluded (see Fig. 2). (B): Velocity concentration plots for 
transport of isotopic S at three different [H+]o. Manipu- 
lations of model and other conditions as for Fig. 3. (C): 
Double reciprocal plots of curves in B 

k13k3~ ks6 and, at the same time, k46 is negli- 
gible in the numerator of Eq. (8a). Thus, 
k13k3sk56 must be large, while k46 must be 
small. Equations (9a) and (10a), for zero trans- 
ligand, will yield the same result when k24 is 
very large and k46 is very small, relative to 
[n+]ok 2. 

Appropriate numerical results are displayed 
in Fig. 7, where again the double reciprocal 
plot (Fig. 7 C) emphasizes the concomitant rise 
of K,~ and Jm,x" The product k~3k3sks6 was 
made large by setting ks6 equal to 104; and k46 
was assigned the small value 10-a. In order for 
the term k13k3sks6 to dominate the denomi- 
nator, [-H+]ok~,2 must be much smaller than 
this product, since each of the reaction con- 
stants is also a multiplier of [H+]ok~2. Thus 
[H+]ok]2 was raised from a starting value of 
10 -3 , and the other reaction constants in Fig. 
7A (k31=10-3; k53=103; k6s=104) have been 
chosen both to generate identical ligand dissoci- 
ation constants on both sides of the membrane 

I y -2 

v '  Km E _o l ~  s 

i I -4 
o I 2 

,og [H+]o 
Fig. 6. Log-log plots demonstrating simple proportionality 
between Jma~ and [H+]o over two orders of magnitude of 
[H+]o. K m shows no dependence on [H+]o over this 
range. Results of calculations, based on model in Fig. 5A, 
are shown as points; curves are drawn by eye through the 
points 

and to poise the system at equilibrium. Log-log 
plots of Jmax and K,, versus [H+-Jo are given in 
Fig. 8, for a 500-fold concentration range. Both 
parameters rise monotonically over this range, 
but with different (and varying) slopes, as is 
also implied by the changing slopes in the dou- 
ble reciprocal plots (Fig. 7C). The parallel be- 
tween K,, and Jm,x improves at high [H+]o, 
with the increasing disparity between [H+lok~ 
and k46. 

This particular result emphasizes the flexi- 
bility of the present models in comparison with 
those which incorporate equilibrium binding. 
For the "FL" sequence, equilibrium binding 
models appear incapable of describing a rise in 
K m with driver-ion concentration (cf Turner, 
1981), since there is no term incorporating 
driver-ion concentration into the numerator of 
K,,. As can be seen in Table 1, A 6, which 
constitutes the numerator of K m, does contain 
[H§ o ]ok4z terms, but these drop out when k6s, 
k56 , ktz and kzl are all made small. In contrast, 
the many recorded instances of parallel rises in 
Jmax and K m with external driver-ion concen- 
tration (Cohen, 1980) are readily explained by 
FL models not subject to the rapid equilibrium 
restriction. 
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Fig. 7. Increase in both Jm,x and K m with [H+]o . (A): "FL + "  
model at equilibrium, with reaction constants shown 
according to criteria in text and Table 2. As in Fig. 5, 
ligand concentrations are assumed to be unity for the  
equilibrium condition. (B): Velocity-concentration plots 
calculated as in Figs. 3B and 5B. (C): Double reciprocal 
plots of curves in B, demonstrating joint effects on Jm,x 
and K,, 

D. Opposite Changes of K m and Jm,x 

In general, it might be expected that for in- 
creasing [H+]o to have opposing effects on K m 
and Jma~, the direction of the effects will be to 
decrease K m and to increase Jmax, otherwise in- 
creased driving force would inhibit the flux. 
This circumstance represents the transition be- 
tween Case A and Case B above, and occurs 
when the [H+]o-independent term in the de- 
nominators of Eqs. (7a) and (8a) (k13k3sk56) is 
about the same magnitude as the [H+3o - 
dependent expression, while the dissociation 
constant for extracellular substrate (k46) is 
large. Because of its transitional nature, this 
condition should hold only over a narrow range 
of driver-ion concentration. Similar reasoning 
from Cases A and B shows that, for zero trans- 

+ o ligand, the transition will occur when [H ]o k42 
and k2r are of the same magnitude, with k46 
much larger. 

For general computation, with zero mem- 
brane potential, the transition could be demon- 
strated by setting k46 at 103, poising k24 = 10 at 
the midrange for [H+]ok]2, and setting the 

2 Jma -2 

" 4 
o = o= 

I - 5  

/ . . . / ' /  

l 

0 k ~  I I - 4  

0 I 2 3 

log [H+]o 

Fig. 8. Joint increase of Jm,x and K,, can hold for more 
than two orders of magnitude change in [H+]o . Results of 
calculations from model in Fig. 7A are displayed as 
points; curves are drawn by eye. Note the increasing ten- 
dency toward parallelism of effects on Jmax and K,, as 
[H+]o is raised out of the range 1-10 (cf Fig. 7C): this 
arises as the product [H+]o �9 k]2 significantly exceeds k~6, 
as predicted in Table 2 (Row 1, Column 3) 
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Fig. 9. Opposing effects of [H+]o on Jm,x and K,~. (A): 
" F L + "  model at equilibrium with reaction constants or- 
dered according to criteria in text, and ligand concen- 
trations set to unity. (B): Velocity-concentration plots at 
different [H+]o, calculated as in Figs. 3B, 5B and 7B. (C): 
Double reciprocal plot of curves in B 
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Fig. 10. Relatively restricted range of [H+]o over which 
opposing effects on Jm,x and K,, can be observed. Results 
of calculations initiated from model in Fig. 9A are dis- 
played as points; curves drawn by eye 

product kt3k35k56 at 104, as diagrammed in 
Fig. 9A. The resultant curves (Fig. 9B) com- 
puted from Eqs. (4)-(6), and their double re- 
ciprocal plots (Fig. 9 C), again confirm expec- 
tations based on the restricted Eqs. (7a)-(10a). 
The display of K m and Jmax for a 500-fold rise 
of [H+]o is given in Fig. 10, in which the region 
of really opposing effects is seen to be restricted 
to about half a log unit either side of 1 (3-30 in 
concentration units). Note that the limiting 
slopes of + 1 (Jmax) and - 1  (Kin) cannot occur 
simultaneously at any given [H+]o . 

I1. SELECTIVE EFFECTS OF MEMBRANE POTENTIAL 
ON THE KINETIC CONSTANTS 

Since fundamentally similar conclusions - 
from similar arguments - can be reached 
about voltage effects on substrate transport, 
there is no need to redevelop the cases for 
changing membrane potential. The required 
conditions are listed in rows 11 and 19 of Table 
2, for the "FL + "  model. A couple of diagrams 
may be useful, however, to reinforce the idea 
that changing membrane potential can, indeed, 
affect selectively either the K,, or the Jmax for 
substrate transport without resort to "allo- 
sterism" or other ad hoc assumptions. 

Consideration of Eqs. (9b), (10b), ( l la),  and 
(12a) reveals that increasingly negative mem- 
brane potential should selectively reduce the K,, 
for substrate influx when k24>k~ 
>>ks6. When, in addition, dissociation of 
driver ion at the cytoplasmic surface of the 

X \  LO-4 "X 
0 *S~ ~ I  l 10"4 1 I ~  $i 

+ SX SX 
~ 1 ~  H~ <]~' ,04 [04 I ~  H; 
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E o 

x /  E 

o~ -I -4 -~ 
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o 
dma x 

-2 I I I I -5 
o -5o  -~oo 450  - z o o  

Aq'/mV 
Fig. 11. Selective effect of membrane potential on K m for 
transport of S. Figure is plotted to emphasize action of 
increasingly negative membrane potential as part of the 
driving force, with the electrochemical gradient of driver 
ion equal to zero at far left of figure ( [H+]o=[H+]~=I ,  
A0=0).  Changes in A~, were introduced according to 
Eq. (1). Note dependence of K,, on AO is 10-fold/ll8 mV, 
as predicted by Eq. (10b), in conjunction with the con- 
dition in Table2 (Row 11, Column 2). Inset: " F L + "  
model, poised at equilibrium and used for the calculations 
in the figure. Values of the reaction constants are shown, 
in accordance with the conditions described in the text 

membrane is rapid (k13 large), the slope of log 
(Kin) versus membrane potential approaches 1 
(10-fold in concentration units) per -118mV,  
as dictated by -u/2  ( = - F A O / 2 R T )  in the 
exponential term. These features are demon- 
strated in Fig. 11. [-It should be noted that the 
condition in which k24 and k13 are large is the 
same which was shown earlier to yield kinetic 
interchangeability of the transmembrane differ- 
ences of membrane potential and H + concen- 
tration (Hansen et al., 1981).] 

The requirements for changes of membrane 
potential to affect Jm,x selectively are that 
k]2 exp(u/2)>k~3>>k~ exp(-u/2),  which could 
be taken to mean that at ordinary membrane 
potentials the preferred direction of the charge- 
transit step (taken alone) would be outward, 
contrary to the "forward" transport direction. 
The limiting slope for 1og(Jmax) versus membrane 
potential is 1 (10-fold in velocity) per - 5 9  mV, 
twice as steep as for the Km-relationshi p discussed 
above. This arises because k21 terms drop out of 
the denominator, leaving Jmax proportional to 
k~l exp( -u/2)/k] 2 exp (u/2), so the final expression 
contains exp(-u) .  One example of the selective, 
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Fig. 12. Selective effect of membrane potential on  Jmax" As 
in Fig. 11, electrochemical gradient of driver ion is zero at 
far left of figure. Note dependence of amax on A ~ is 10- 
fold/59mV, as predicted by Eq. (9b) and the condition 
given in Table 2, Row 11, Column 1. Inset: " F L + "  model, 
poised at equilibrium, showing the values of the reaction 
constants used for the calculations in the figure 

linear dependence of Jmax on A r is given in Fig. 
12. 

I I I .  SELECTIVE EFFECTS 
OF INTRACELLULAR DRIVER ION 

In experiments with whole cells it is rarely pos- 
sible to vary the intracellular driver-ion con- 
centration at will, although with large cells per- 
fusion techniques have succeeded for analysis of 
some co- or counter-transport systems (Re- 
quena, 1978; Sanders & Hansen, 1981). On the 
other hand, by means of reversibly perme- 
ablized cells or vesiculated membrane fragments, 
it is now becoming possible to vary both in- 
ternal and external substrate and driver-ion 
concentrations. Emerging technology thus pro- 
vides a practical justification for exploring the 
theoretical relationships between intracellular 
driver-ion concentration and the kinetic param- 
eters for substrate influx. 

We have already stated that proper ordering 
of reaction constants in the transport cycle can 
yield selective Kin-effects , selective Jmax-effects, 
or mixed effects, in response to changing 
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Fig. 13. Selective effect of internal (trans) driver ion con- 
centration ([H+]i) on K m of transport of S: competitive 
inhibition. Electrochemical gradient of driver ion is zero at 
far right of figure, so the rest of figure reflects net inward 
gradient. The log-log plot shows selective effects holding 
over at least three orders of magnitude of [H+]i, with a 
maximum slope of K m approaching 1 (direct proportion- 
ality), as predicted by Eq. (Sb) in conjunction with con- 
dition in Table2, Row 5, Column 2. Inset A: " F L + "  
model used to generate the figure. Values of the reaction 
constants are displayed and ordered as discussed in the 
text, for the equilibrium condition with all ligand con- 
centrations taken as unity. For the calculations, At) was 
set to zero, and N to 1. [H+]i was adjusted by variation 
of k31, as in Fig. 2. Inset B: Double reciprocal plot at 
three different [H+]i, emphasizing the competitive nature 
of the inhibition 

[-H+]z; and the required conditions are sum- 
marized in rows 5 and 15 of Table 2 ( " F L + "  
model). The actual results, however, are consid- 
erably more interesting than a simple para- 
phrasing of the behavior with varied [H+]o, be- 
cause changes of [H+]i can very closely mimic 
conventional enzyme inhibitor kinetics. That is, 
rising [H+]z can increase the K,, for substrate 
influx (competitive inhibition), or decrease the 
Jmax (simple linear noncompetitive inhibition). 
These features are represented in Fig. 13 for an 
almost pure K,,-effect, and in Fig. 14 for a pure 
Jmax-effect. 

Inspection of Eqs. (7b), (8b), (11b), and 
(12b) reveals the condition for generating an 
almost pure effect of [H+]z on the substrate K m 
to be k3s>k~ But in this case 
[H+Jz survives in the numerator of Kin, not the 
denominator [Eqs. (8b) and (12b)], making K m 
directly proportional to [H+]z. For the reaction 
constants chosen (Fig. 13, upper inset), propor- 
tionality once again holds over a 100-fold con- 
centration range. A double reciprocal plot (Fig. 
13, lower inset) emphasizes the similarity with 



136 D. Sanders et al.: Kinetic Analysis of Cotransport 

A 
* X I "-X 

[ ~ So i .~,  , ,~1  S i -2 

dmox + SX SX + 

~ c ~  A~, :O 

0 -3 

Km 

" 4 
~ 

,,,0 7 , x. . .  -I ~,^ § o, -4  

U 2xlO 4 

-2 [s3Z;, 4 6 

I I I -5 
-5 -2 - 0 

log [H+]i 
Fig. 14. Selective effect of [H+]i on Jmax; simple linear 
noncompetitive inhibition. As in Fig. 13, electrochemical 
gradient for driver ion is zero at far right of figure. Log- 
log plot shows selective effect on Jmax holds over three 

H + orders of magnitude of [ ]i, with no detectable effect on 
K,,. Note linear decline of log (Jm,x) with increasing log 
([H+]~), slope approaching -1 ,  in accordance with the 
predictions of Eq. (8b) in conjunction with the condition 
in Table 2, Row 5, Column 1. Inset A: " F L + "  model, 
poised at equilibrium, with values of the reaction con- 
stants displayed and ordered as discussed in the text: all 
ligand concentrations taken as unity for this starting con- 
dition. Calculations performed as described for Fig. 13. 

H + Inset B: Double reciprocal plot at three different [ ]i, 
displaying simple linear noncompetitive inhibition 

conventional competitive inhibition, in that ris- 
ing [H+]i increases the slope without changing 
the ordinate intercept. [Although data for com- 
petitive inhibition are not ordinarily displayed 
in such a fashion, the similarity also carries 
over to the log-log plots. Thus, for a simple 
enzyme with one substrate and one competitive 
inhibitor, K '=Km(1 + [I]/KI), where K~, is the 
apparent Michaelis constant in the presence of 
inhibitor, [I3 is the inhibitor concentration, and 
K~ is the inhibitor binding constant. When 
[I]/KI>>I, K'~_Km.[I]/Kr, which is linear 
with unit slope in a log-log plot.] 

The condition for generating a pure Jmax- 
effect with changing [H + ] i is 
k; 1 [H +]i > kl 3, k3 5. Appropriate values of re- 
action constants are shown in Fig. 14 (upper 
inset), along with the nearly straight-line plot of 
Jm~x and constant value of K,, calculated via 
Eqs. (4)-(6). The double reciprocal plot (lower 
inset) emphasizes the similarity to conventional 
noncompetitive inhibition. 

The results shown in Figs. 13 and 14 thus 

make clear that "competitive" or "noncompe- 
titive" inhibition which might be displayed be- 
tween substrate and trans driver ion in cotrans- 
port systems can be explained utterly without 
reference to such devices as multiple (H +) bind- 
ing sites or direct interference (by [H+]) with 
substrate binding. Table 2 lists the conditions 
for which uncompetitive inhibition (column 3) 
and mixed (linear noncompetitive) inhibition 
(column 4) can also be generated. 

IV. IMPACT OF THE EQUILIBRIUM-BINDING 
ASSUMPTION ON MODEL BEHAVIOR 

The full rate-equations describing model be- 
havior (Eqs. (4)-(6), and Table 1) can easily be 
simplified according to the classical assumption 
of equilibrium binding by making all trans- 
membrane reaction constants small. When this 
is done, much of the flexibility of the model is 
lost, and we can expect certain classes of experi- 
mental data to fall outside the restricted range 
of the new equations, even though the data are 
still described by the full rate-equations. 

A clear-cut and important case in point is 
that of H + - S O  4 cotransport in Penicillium, as 
described by Cuppoletti and Segel (1975b). 
[The system might also transport Ca 2§ which 
would assist in energizing SO~ accumulation 
(Cuppoletti & Segel, 1975a).] To see the re- 
strictive effect of assuming equilibrium binding, 
we make the four reaction constants k12, k21, 
k56, and k65 small in Eq. (5), and drop all terms 
which contain the product of two of these re- 
action constants. Since the effects of membrane 
potential and intracellular ligands are not ex- 
plicitly considered, behavior of Eq. (5) is the 
same for all models in which S binds before 
H+: "FL+" ,  " F L - " ,  " F F + "  and " F F - "  mo- 
dels. Jmax for influx of S (sulfate) becomes 

m a x  

N 

[H+]o k~2 k21 F 

[H +]ok~162 + k21 [k53(k13-F k31)-F k13 k35])-~ k24 F 
(13) 

where f-k13]g35]~56-l-k53]g31k12, and the 
equation is written specifically to show the ef- 
fect of external driver-ion concentration on 
Jmax" From this equation it can be seen that the 
overall form of response is a rectangular hyper- 
bola, and that the condition for a simple pro- 



D. Sanders et al.: Kinetic Analysis of Cotransport 137 

portional response of Jm~x to [H+]o is that ka~ 
be large with respect to [H+]o k~2. 

By contrast, for all models in which S binds 
after H + ("LL+",  " L L - " ,  "LF+" ,  and "LF 
-") ,  the same treatment for equilibrium bind- 
ing leads to 

Jmax _ k2~F (14) 
N k21k13(k35q-ks3)+ks3k31k2tq-F 

Here, Ymax is completely insensitive to [H+3o . 
Therefore, to account for the experimental ob- 
servation that dma~ for sulfate uptake by PeniciI- 
lium is insensitive to extracellular pH, Cuppol- 
etti and Segel (1975b) concluded cautiously that 
H + must bind first, followed by SO 2. 

Equations (13) and (14) are general ones, 
expressing Ym~x with respect to the ligand bind- 
ing first [Eq. (13)] or second [Eq. (14)1. Thus, 
they can also be applied to cases in which dma x 
is determined for H + transport, i.e., Ym"~x, pro- 
vided that the ligand identities of the binding 
terms are switched (e.g., in Eq. (13) k42 would 
incorporate [Slo). This means that dmUax is sen- 
sitive to [S]o when S binds second, but not 
when S binds first. In fact, Cuppoletti and Segel 
observed a proportionality between dm"ax and 
[SO2]o, which they argued provided stronger 
evidence for the binding order H + first, SO 2 
second. 

Now, inspection of Table 2 (column 2), de- 
rived from the complete rate equations, shows a 
multiplicity of conditions (rows 1-4, 9, 10) un- 
der which alma x for substrate influx is insensitive 
to [H+]o, including first-on models, last-on mo- 
dels, and models with charged carriers of either 
sign. Study of Table 2 (column 4) and Fig. 10 
would yield more conditions. More impor- 
tantly, Ymax can be sensitive to EH+]o, even for 
models in which substrate binds last (Table 2, 
columns 1, 3 and 4). In other words, the im- 
plied order of ligand binding which emerges by 
comparing experimental data with Eqs. (13) and 
(14) rests wholly upon the assumption of 
equilibrium binding. Given such a conclusion, 
independent experimental evidence for equilib- 
rium binding would seem to be an essential 
prerequisite for applying the mathematical con- 
dition in kinetic analyses. 

V. EXPERIMENTAL APPLICATIONS 

So far, emphasis has been laid on the concept 
that the diverse kinetic behavior of cotransport 
systems can be model-independent, relating sim- 

ply to the relative magnitudes of various re- 
action constants in the transport cycle. Howev- 
er, since almost any characteristic of cotrans- 
port within the confines of Michaelis-Menten 
kinetics can be accommodated by a very simple 
framework, the experimentalist is faced with the 
question of whether particular kinetic data will 
admit any solid interpretation about transport 
mechanisms. The following account illustrates 
how at least two types of question can be ap- 
proached: the order of binding to the carrier, 
for solute and driver ion; and the magnitude of 
certain key reaction constants. 

A. Binding Order 

Only minimal simplifying assumptions were im- 
posed in the derivations (above), so that we 
could describe the complete rate equations. In 
many practical cases, however, much further 
simplification is possible, and then often the 
behavior of the model becomes dependent on 
binding order. [The best preparations for study- 
ing the order of ligand binding and release are 
those providing easy, direct control of solution 
compositions on both sides of the membrane: 
e.g., internally perfused squid giant axons, the 
characean algae, resealed erythrocyte ghosts, 
and isolated membrane vesicles.] A useful ap- 
plication of such simplified experimental con- 
ditions is provided by the kinetics of *S (iso- 
topic substrate) influx determined at different in- 
tracellular ligand concentrations, while both 
A ~ ( - )  and [H+]o are saturating. Then varia- 
tion of ES]~ yields the following equations for 
the " L L + "  model [last on-last off, with charge 
transfer on the loaded carrier; from Eq. 
(A 18a, b)]: 

m a x  _ _  

N 

k13 k35 k56 
[S]ik~3(k13 q-k31)q-k56(k13 if-k31 q-k35) q-k13 k35 

and (15) 

Kin= 

k13k35k56 
k~2 {ES]ik;3(k13-~k31)@k56(k13-~-k31--~-k35 )-~k13 k35 } ' 

(16) 

Thus alma x and K m must respond in parallel to 
changing [Sly; the ratio dmaJK m is constant; 
and "slope replots" of double reciprocal plots 
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Table 3. Specific cotransport responses under restricted experimental conditions ~ 

Conditions Experimental Model b 
variable 

FL + FL - FF + FF - LL + LL - LF + LF - 

[H+]o saturating [S]i N 0 N U U 0 U U 
A 0 very negative 

[H+]o saturating [H+]i N U N 0 U N U 0 
A ~, very negative 

[H+]o saturating [H+]i U U N 0 U N U 0 
A 0 very negative 
[S]i=0 

a Key: O, isotopic flux not sensitive to experimental variable; U, only uncompetitive inhibition of isotopic influx by the 
internal ligand; N, among other responses, influx can be inhibited in noncompetitive fashion by internal ligand. 
b Models are designated according to the convention of Fig. 1, for the binding order of substrate and driver ion. "FF," 
for example, means substrate binds first and is released first in the counter-clockwise operation of the cycles: "first on-first 
off." The + and - signs indicate that charge transfer is assumed to occur either on the doubly-loaded carrier (+)  or on 
the empty carrier ( - ) .  

are IS]i-insensitive. I f  any other response is ob- 
served, the " L L + "  model cannot hold. Further- 
more, since the expressions for Jmax and K,, are 
almost identical, internal H § (contained in the 
reaction constant k31 ) must also be an uncom- 
petitive inhibitor. 

A summary of the predicted behavior of the 
eight different models for these specific con- 
ditions is given in Table 3. A third simplifying 
condition, in addition to saturating A0 and 
[H+]o, is also considered in Table 3: that of 
variation of [-H+]i with IS]i=0. Note that only 
one model of the eight can accommodate a 
selective decrease in V~a x with no effect on K m 
as [H+]~ or [S]i is raised. In internally perfused 
Chara, both [H+]~ and [C1-]i act as noncom- 
petitive inhibitors of 2H+/C1 - cotransport un- 
der conditions where AO and [H+]o strongly 
favor influx (Sanders & Hansen, 1981). Further- 
more, since [H+]~ is noncompetitive even in the 
absence of internal CI-,  the " F F + "  model was 
proposed to account for the data. Table 3 
shows that the other models, too, have their 
own characteristic patterns of response, so that 
binding order should be determinable. [Equilib- 
rium exchange conditions provide an alter- 
native method of ascertaining binding order. 
The pattern of activation of substrate transport 
as driver-ion concentration is increased simul- 
taneously on both sides of the membrane has 
been shown by Hopfer and Liedtke (1981) to be 
a useful diagnostic feature.] 

B. Evaluation of Specific Reaction Constants 

Perhaps the clearest simplifying condition exists 
when transport is blocked by an inhibitor, mak- 

ing possible direct measurement of the equilib- 
rium dissociation constant (KD) for substrate, or 
- better - for a nontransportable analogue 
(Turner & Silverman, 1980, 1981), although as 
pointed out by Page and West (1981), transport 
must be completely blocked. But even under less 
rigorous conditions certain useful relationships 
can be derived, as long as binding order is estab- 
lished first. An excellent example, again, is the 
case in which A0 is saturating. [In practice, 
this condition may generally obtain, at least for 
proton-coupled systems. Analysis of the cur- 
rent-voltage characteristics of two H +- 
cotransport systems, for glucose in Neurospora 
and for amino acids in Riccia, have demonstrat- 
ed marked insensitivity of transport to voltage 
over a wide range (Hansen & Slayman, 1978; 
Felle, 1981).1 If we take as examples the " F L + "  
and " F F + "  models, Eq. (7a) demonstrates 
that the effect of a change in [H+]o on the Jm,x 
for transport of *S describes a rectangular hy- 
perbola: 

J m a x  Js t im[H+]o  

N Kstim + [ H  + ] o 
(17) 

with 

Jstim - 
k13 k35k56 

(k13 + k31)(~53 + ~56) + k35(k13 -t- k56) 
(18) 

and 

Kstim 
k13k35k56 

kX2 [(k 13 -t- ]s (k53 -~- k56) -~ k35 (kl 3 -b k56)] " 

(19) 
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Thus, 

J s t i m /  K s t i m  = k~ 2 . (20) 

Therefore, if N [Eq. (17)] can be estimated by 
some independent means (e.g., carrier purifi- 
cation or high affinity binding studies), an ab- 
solute value can be assigned to the on-reaction 
constant for Ho+-binding. 

In other cases, the on-reaction constant for 
*S binding can be determined. For example, 
with At) and [H+]o saturating, Eq. (A16a, b) 
(Table A1) yields, in the cases of " L F + "  and 
" L L + "  models, expressions for Jmax and K m 
which are identical with those for Jsti~ and Kstir n 
in Eqs. (18), (19). Consequently 

_ o ( 2 1 )  Ym.x/N" Km -- k42. 

There is an important cautionary note, howev- 
er: prior determination of binding order in the 
above example is crucial; the "FL + "  and "FF + "  
models yield more complex expressions for 
Jmax/Km. In other words, not all binding se- 
quences will permit determination of k]2 under 
a given set of simplifying conditions. 

Simple relationships can also emerge from 
considering the effects on A t) on  dmax and K,,. 
If the experimenter finds a selective effect of A t) 
on K m, for zero trans-ligand conditions (and if 
charge transfer is assumed to occur on the load- 
ed carrier), then the inequality 

(k~ 2 eu/2 or k24 ) > (k~ 1 e-"/2 or k 13) 

>>(k56 ork35) (22) 

specifies six possible size-orderings of reaction 
constants (one of which is listed in Table 2: 
column 2, lines 11-12). For any of the four 
binding orders, Jma~/N is then usually given sim- 
ply as k56 or k35, whichever is rate limiting. 

These conditions for a selective effect of A t) 
on K m represent simple rate-limitation of trans- 
port by carrier recycling, which in turn implies 
that the transport system should exhibit coun- 
ter-flow or exchange diffusion. In fact, the ma- 
jor effect of A t) on lactose transport in E. coli is 
to reduce the K m for transport (Overath & Wright, 
1980), and the lac carrier system does in- 
deed exhibit marked exchange diffusion (Kac- 
zorowski et al., 1980). [-Similar conclusions are 
obtainable for models in which charge transfer 
occurs on the unloaded form of the carrier (as 
is favored by some authors: Kaczorowski et al., 
1980), though there the coupling of a selective 
effect of At) on K m with dominant exchange 

diffusion is not a unique condition (see Table 2: 
column 2, lines 9-10).] 

C. Interaction of Driving Forces; 
Interpretation of the Proton Well 

Reaction kinetic models predict interaction not 
only between substrate and either of the driving 
forces - the concentration gradient for the dri- 
ver ion, or the membrane potential - but also 
between the two driving forces themselves, even 
though each acts at a discrete site. Thus, just as 
membrane potential can cause a selective in- 
crease in apparent affinity for transport of sub- 
strate (Figs. 3 and 4), so it can also increase the 
apparent carrier affinity for the driver ion. The 
necessary orderings of reaction constants can be 
picked from Table 2, since the requirements for 
an effect of A t) on the apparent affinity for the 
substrate in models where substrate binds first 
will be similar to those for an effect of A t) on 
apparent driver-ion affinity in models with 
driver-ion binding first. In the " F F + "  model, 
for example, the following condition must hold: 

k24 > k~ ~ exp ( - u/2) > k56. (23) 

(See Table2, Row l2, Column2.) A similar 
condition was derived differently in an earlier 
paper (Hansen et al., 1981) and was shown to 
account for observable equivalence of the elec- 
trical and osmotic components of driving force 
acting on net flux (current). 

Increasingly negative membrane potential 
has indeed been shown to increase the apparent 
transport affinity for driver ions, as in the case 
of H+/glucose cotransport in Chlorella (Schwab 
& Komor, 1978; shown here in the data plots 
of Fig. 15B). The apparent pK of the carrier 
was reported to shift from 7.01 at - 7 4  mV to 
7.54 at -135  mV, although sugar flux at the 
optimum pH was voltage-insensitive. Taking 
Eq. (23) as a starting point, we have fitted the 
data with a straightforward "FF  + "  model (Fig. 
15A). The sole effect of external pH on the 
carrier was assumed to be to increase the rate 
of the H+-binding reaction in direct proportion 
to [H+]o, and the only effect of membrane 
potential was on transmembrane transfer of the 
loaded carrier. [In generating the fitted curves, 
we have also taken account of the obser- 
vation that internal pH shows a clear, though 
weak, dependence on external pH (Komor & 
Tanner, 1974), and that sugar flux varies as a 
function of internal pH (Komor, Schwab & 
Tanner, 1979).] Visually satisfactory fits result - 
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Fig. 15. Apparent change in affinity of driver ion elicited 
by membrane potential. (A): Reaction kinetic model based 
on Eq. (23) and used to generate the fits in B. Values for 
each of the reaction constants are shown for the condition 
of no membrane potential and pH = 7 on both sides of the 
membrane. Ar introduced according to Eq. (1). Changes 
in external [H +] reflected by an equivalent change in k,z 
(see Fig, 2A) and the concomitant change in internal [H +] 
(k53 adjusted) was given by the empirical relation of Ko- 
mor and Tanner (1974): 

pHi=0.31pHo+ 5.17 

k3~ was set to zero in accordance with the condition that 
the cells had insignificant internal hexose. (B): Data of 
Schwab and Komor (1978) replotted, with fits generated 
by model in A. Flux of 6-deoxyglucose was measured at 
three different membrane potentials and over a range of 
external pH. (A) . . . . .  (A):  - 74 mV; ( x )- ( x ): 
-105mV; (n) . . . .  (E~): -135mV. Maximum flux was in- 
dependent of Ar Arrows on abscissa show the pH at 
which flux is 0.5 of maximum (--apparent pK) for each of 
the three curves; values are 7.04 (-74mV), 7.30 
( -  105 mV), 7.54 ( -  135 mV). Inset: Decline of flux below 
pH 6, redrawn from Komor and Tanner (1974). A similar 
decline is also predicted by the model in A due to pro- 
gressively lowered internal pH 

including the predicted shift in apparent pK - 
without any additional nonspecific effects of ex- 
ternal pH or any gating effects of membrane 
potential. Thus, it is not necessary to invoke a 
so-called proton well (which also could serve to 
transduce the electrical potential into a proton 
gradient) as an explanation for the interaction 
between the two components  of driving force 
(cf Mitchell, 1969; Mitchell & Moyle,  1974; 
K o m o r  & Tanner, 1980; Maloney,  1982). 

D. Saturation of Driving Forces, 
and Stoichiometry Changes 

A complementary circumstance to that dis- 
cussed above is the case in which one com- 
ponent of the driving force is saturated, but  the 
other is not. This situation has already been 
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Fig. 16. Nonequivalence of electrical and osmotic com- 
ponents of driver-ion gradient in eliciting transport. In 
each of models A, B, and C, values of the constants used 
for calculation of fluxes are shown. All models as drawn 
are poised at equilibrium. Driving force of - 5 9 m V  is 
introduced in one of three ways: increase of external H + 
binding reaction tenfold; applied A r = - 5 9  mV, according 
to Eq. (1); decrease of internal H + binding reaction ten- 
fold. Histograms give isotope flux relative to the control 
for each model 

implicitly dealt with in Eqs. (7) through (12), 
but  we return to it here in order to emphasize 
the important  point that substrate flux can de- 
pend not  upon the driving force per se, but  on 
the manner in which the driving force is ap- 
plied. Figure 16 shows three cotransport  sys- 
tems poised at equilibrium prior to the experi- 
ment (control). (These models do not contain 
any particularly unlikely features. For  example, 
the carrier in Fig. 16A can be described simply 
as having a low pK and a marked passive ten- 
dency to reside at the inner surface of the mem- 
brane.) A driving force equivalent to - 5 9  mV 
is then imposed across each model  in one of 
three ways: by raising [H+]o 10-fold, by adding 
a membrane potential of - 5 9  mV, or by lower- 
ing [H+]~ 10-fold. Clearly, only one of the three 
treatments elicits an enhanced flux, and this 
treatment is different in each case. Qualitatively, 
it can be stated that for each model  only one 
accessible reaction constant rate-limits trans- 
port, and unless that limitation is lifted trans- 
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Fig. 17. Simulation of glucose-6-phosphate ( G 6 P - )  flux in 
E. coli membrane vesicles (Le Blanc et al., 1980) showing 
that efficacy of chemical and electrical components of 
driver ion gradient in driving transport depends on driver 
ion concentration. (A): Reaction kinetic model for 
2H+:G6P  - cotransport. All reaction constants were ini- 
tially set equal to 1, with exception of the following: k3t 
=0, since no G 6 P -  was inside vesicles at start of experi- 
ment; k42=k53=2 at pH6.5, k42 and k53 were changed as 
the square of the [H+],  since 2H § were assumed to bind. 
(B): Fluxes predicted by the model at the two pH's used 
by Le Blanc et al. and for their conditions (listed on the 
abscissa). The amount by which intravesicular pH was 
raised (right hand experiment) was uncertain - an arbi- 
tary value of 0.3 unit has been used here. Left and center 
experiments: k42=k53. A0  introduced in center experi- 
ment according to Eq. (1) 

port cannot be stimulated by imposing a driv- 
ing force in other ways. 

An important corollary of this result is that 
insensitivity of transport to variation of one 
component of the driving force is not evidence 
against the involvement of that component in 
transport. In particular, voltage-insensitivity 
does not necessarily indicate that transport is 
electroneutral. LeBlanc, Rimon and Kaback 
(1980) demonstrated that glucose-6-phosphate 
(G6P-) transport in E. coli membrane vesicles 
is much more potential-sensitive at pH 7.5 than 
at pH 5.5, but that a pH gradient is more effec- 
tive in driving transport at the lower pH. Their 
conclusion that transport is electroneutral at 
the lower pH but electrogenic at higher pH - 
and hence that H + :G6P-  stoichiometry 
changes as a function of pH - although also 
consistent with the data, is simply not neces- 

sary. [-This point has also been made in con- 
nection with similar data by Booth etal. 
(1979).] The data also permit transport to be 
rate-limited by intravesicular pH at pH 5.5 and 
by membrane potential at pH 7.5. The overall 
effect is modelled in Fig. 17 for constant 
H + :G6P-  stoichiometry (= 2). 

Discussion 

GENERAL CONCLUSIONS 

The long-standing notion that carrier-mediated 
transport is rate limited at the translocation 
steps seems to have had three origins. The first, 
a conviction that large, intramembrane proteins 
would behave as relatively immobile structures, 
alternating their orientation only slowly, can 
now be replaced by the view that translocation 
involves only intramolecular, or conformational, 
changes in the carrier, not gross rearrangement. 
There is reason to believe that these confor- 
mational changes could occur at least as fast as 
the ligand binding reactions. For example, in 
kidney brush border vesicles, Na § dissociation 
from the Na+/glucose cotransport system oc- 
curs at only 10-20 % of the rate for membrane 
transit (Hopfer & Groseclose, 1980; see also 
Crane & Dorando, 1980). Even where carrier- 
mediated transport involves transmembrane dif- 
fusion of the whole carrier (valinomycin), rate 
constants for ligand binding and for translo- 
cation have been found to be of similar magni- 
tude (L~iuger, 1980). Second, the unwieldiness of 
the complete rate equation for a multistate car- 
rier created a need for mathematical simplifi- 
cation, which was obtained by assuming slow 
transmembrane reactions and equilibrium bind- 
ing (Laidler, 1956). Finally, the general success 
of equilibrium binding treatments in enzyme 
kinetics educed a belief that carrier systems 
would obey similar rules. 

In the present paper, we have used a dif- 
ferent strategy to reduce algebraic complexity: 
simplify the algebra using special conditions 
which are attainable experimentally, and then 
compare the behavior of the resulting equations 
with that of the complete model, by numerical 
methods. In all cases, good qualitative agree- 
ment has been found, and several major con- 
clusions have emerged from the analysis, each 
having important implications for interpretation 
of experimental data. 
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Most importantly, it is clear that even the 
simplest kinetic model for cotransport can gen- 
erate a diverse range of gross kinetic effects 
whose exact form is merely a function of the 
relative values of the carrier reaction constants. 
Thus, dramatic differences in the kinetic charac- 
teristics of individual transport systems cannot 
necessarily be taken as evidence for different 
sites of action of an applied ligand - a point 
which was initially recognized by Rosenberg 
and Wilbrandt (1955). It follows, therefore, that 
the particular kinetic effect exerted by one li- 
gand (cis or trans to the side from which trans- 
port is measured) or by membrane potential, if 
considered alone, yields little solid insight into 
the mechanism of transport. 

The above conclusion is in direct contrast to 
that of Heinz et al. (1972) and Geck and Heinz 
(1976), who assumed equilibrium binding and 
special sites of action of driving force on the 
carrier. There, specific effects of driver-ion con- 
centration or membrane potential on gross ki- 
netic constants were used to determine the 
mechanism of energy coupling. Two types of 
model were considered: an "affinity" type, in 
which the driver ion modified only the affinity 
of the carrier for the substrate, and a "velocity" 
type, in which the driver ion selectively in- 
creased carrier mobility. In either case, the dri- 
ver ion produced changes in carrier behavior 
which require ad hoc adjustments of the model. 
Many authors have commented on the possi- 
bility of applying affinity or velocity models to 
their data (e.g., Schwab & Komor, 1978; Over- 
ath & Wright, 1980; West, 1980). However, 
since straightforward kinetic models - in which 
the actions of driver ion and membrane poten- 
tial are strictly defined by Eqs. (1) and (2), and 
the legend of Fig. 2 - can explain these diverse 
responses, there is no reason to invoke less 
well-defined explanations. [In some cases, in- 
deed, neither velocity models nor affinity mo- 
dels carl adequately explain the data. An exam- 
ple is provided by the effect of membrane po- 
tential on the lac carrier in E. coli. Imposition 
of a negative membrane potential on vesicles 
lowers K,, by two orders of magnitude, but has 
no effect on J,,~x (Overath & Wright, 1980); but 
both affinity and velocity models require that 
Jmax, as well as K,,, increase as membrane po- 
tential becomes more negative (Geck & Heinz, 
1976). Figure 11 in the present paper gives the 
required result straight from the model of Fig. 1 
(conditions in Table 2: column 2, lines 11-12).1 

A second conclusion of the present work is 

that, although diverse kinetic effects of ligands 
or membrane potential are obtainable for any 
particular reaction kinetic model, it may nev- 
ertheless be possible to determine ligand bind- 
ing order, site of charge transfer, and even in- 
dividual reaction constants, by careful choice of 
experimental conditions. 

The third, and most general, conclusion has 
been drawn previously by us (Hansen et al., 
1981) and by Chapman, Johnson and Kootsey 
(1983) with respect to the current-voltage re- 
lations of electrogenic pumps, but is reiterated 
here in the context of isotope fluxes. There has 
been a strong tendency, stimulated by the gen- 
eral success of irreversible thermodynamics, to 
view flux and force as strictly proportional, and 
independent of the form (electrical or osmotic) 
which the driving force takes. Yet, as Fig. 16 
illustrates for simple kinetic models, driving for- 
ces of different nature but the same magnitude 
can easily generate different transport re- 
sponses, even in the vicinity of equilibrium. More- 
over, just as the occurrence of Michaelis- 
Menten kinetics implies saturability of the flux 
with respect to solute chemical gradients, so the 
equations governing the response of flux to 
other components of driving force predict satu- 
rability. While the magnitude of the prevailing 
electrochemical gradient must determine the 
equilibrium concentrations on each side of the 
membrane (providing there are no leaks), it 
cannot be used to predict kinetics without other 
information on the characteristics of the carrier. 
It is interesting to note that in some instances 
an isotopic flux can even respond paradoxically 
to an imposed driving force. An example is 
given in Fig. 16, Model C, where a 10-fold in- 
crease in the external driver-ion concentration 
decreases the isotope flux by 20% (though net 
flux or current will show a small increment, in 
accordance with thermodynamic consider- 
ations). The response of the isotopic flux in 
this case can be viewed as inhibition of ex- 
change diffusion. 

TESTING THE REACTION KINETIC APPROACH; 
DEVELOPMENT OF FURTHER MODELS 

While the range of applicability of the simple 
reaction kinetic analysis is very wide, it is nev- 
ertheless clear that certain experimental data 
will fall outside it. The question then arises as 
to what kinds of extensions are reasonable, still 
within the general  confines of our approach. 
One important extension is that of random 
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binding for substrate and driver ion. Random 
binding might be expected for solutes showing 
biphasic kinetics (biphasic activation curves; Se- 
gel, 1975) as is the case for many plant and 
microbial transport systems which appear to be 
gradient-driven (Epstein, 1976). Schwert (1954) 
has pointed out that in many cases random- 
binding reactions will exhibit Michaelis-Menten 
kinetics, although this would appear to require 
that over the operational range one binding 
order is favored, or that the binding constants 
of ligands to different carrier states happen to 
be identical. Evidence for random binding is 
best gathered from equilibrium exchange stud- 
ies (Hopfer & Liedtke, 1981). 

Another simple extension is to suppose that 
the binary substrate-carrier complex is per- 
meant. The carrier could then be said to pos- 
sess an internal leak or "slip." The concept of 
slip reactions has been strongly espoused by 
Eddy (1980; 1982) as an explanation for the 
decrease in accumulation ratios of gradient- 
coupled solutes at high extracellular solute con- 
centrations. In most cases, however, it will be 
difficult, unless genetic or reconstitution tech- 
niques are used, to distinguish whether such a 
leak is truly intrinsic to the cotransport system 
or occurs by a separate pathway. Furthermore, 
it is also possible that straightforward "tight" 
reaction kinetic models effectively shut down or 
"transinhibit" at high internal substrate con- 
centrations, despite the presence of a driving 
force; the point is discussed further below. 

Random binding and slip modifications 
greatly increase the algebraic complexity of 
transport rate-equations, both because they in- 
troduce additional rate constants and because 
they involve branched pathways. Since we have 
been able to mimic all major kinetic effects of 
driver-ion and A~ with the simple sequential 
models, we have not analyzed random binding 
or slip here. However, these modifications are 
merely additions to the simpler models, so that 
all kinetic effects possible with the simple mo- 
dels are also possible with these variants. In 
addition, of course, random binding and slip 
can describe non-Michaelis-Menten kinetics. 

Random binding of H + and sulfate to the 
chloride transporter of erythrocytes has been 
proposed by Milanick and Gunn (1982). Con- 
versely, Na + and glucose bind in ordered fash- 
ion to a cotransport system in renal brush 
border (Hopfer & Groseclose, 1980). Nonethe- 
less, it is important to stress that although the 
ordered binding models considered in this pa- 

per are extremely flexible in their kinetics, ran- 
dom addition of ligands remains a viable alter- 
native. 

At present, the apparent kinetic diversity of 
straightforward reaction kinetic models appears 
to obviate the need for more elaborate refine- 
ments of carrier theory, such as the effects of 
membrane potential or of membrane surface 
charge on effective ionic concentration at the 
carrier site (Mitchell, 1969; Roomans & Borst- 
Pauwels, 1978). 

POSSIBLE PHYSICAL INTERPRETATIONS 
OF ORDERED BINDING 

The above brief consideration of random bind- 
ing raises one additional important issue. For- 
mally, ordered binding is simpler - in the sense 
of requiring only six carrier states; but mecha- 
nistically, random binding is simpler, because 
any enzyme or carrier with two independent li- 
gand-binding sites should be able to form in 
either order. Then the existence of kinetically 
ordered binding must imply one of two features 
for the reaction: (i) The "on" reaction constant 
for one of the ligands is much faster than for 
the other. Thus, although each ligand might 
bind independently (in random order), binding 
would be statistically ordered. (In that case it 
should be possible to raise the concentration of 
the slowly bound species sufficiently to shift the 
apparent binding order.) (ii) Or, binding of one 
ligand might facilitate binding of the other, ei- 
ther through a conformational change in the 
carrier molecule or through direct, ligand-li- 
gand interaction. The overall process could be 
described as sterically ordered binding. 

Now, on the one hand, statistically ordered 
binding implies specific size-ordering of (some) 
reaction constants; and, on the other hand, 
sterically ordered binding merges philosophi- 
cally with some of the ad hoc assumptions (see 
Introduction) we have eschewed in this paper. 
Therefore, in considering the results of Figs. 3- 
14 as summarized in Table 2, we must assess 
the extent to which inherent contradictions in 
statistically ordered binding would force us to 
fall back on sterically ordered binding. 

In fact, problems of this kind need be con- 
sidered only in relation to substrate and driver- 
ion release at the cytoplasmic face of the mem- 
brane. This conclusion follows from the use, not 
of transport velocity per se, but of Jmax and K m 
(for substrate) as the comparison parameters in 
kinetic analysis. Because (external) substrate 
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concentration ([S]o) is extracted as the inde- 
pendent variable in Eq. (4), its binding constant 

- -  O - -  O (k~ or -k42  ) does not enter Jmax at all 
[Eq. (5)] and enters K,, only as a scaling factor 
[Eq. (6)]. If we consider ligand release, then 
statistical ordering requires that kx3>>k35. In- 
spection of Table 2 reveals only 4 cases - in 
columns 2, 4 and rows 5, 15 - which conflict by 
requiring k3s>>k13. Thus, among the various 
kinetic phenomena which have been described 
in Figs. (3)-(14), only those involving apparent 
competitive inhibition by intracellular driver 
ion, under "LL" and "FL"  models (Fig. 13), 
would require steric ordering. 

THE KINETIC EFFECT 
OF HIDDEN CARRIER NTATES 

In constructing a minimal model for cotrans- 
port, we have assumed that the carrier exists 
only in six states. But the experimenter can 
never be sure that all carrier states have been 
identified; e.g., if ligands were to cross the 
membrane vta a series of discrete confor- 
mational changes, many carrier states could be 
hidden. The problem is a general one in en- 
zymology and means that, even if a reaction 
constant can be measured in theory, there re- 
mains the possibility that in reality it consists of 
more than one elementary rate constant. In an 
earlier paper (Hansen et al., 1981) we have also 
discussed how hidden states elsewhere in the 
reaction cycle can affect the apparent values of 
identified reaction constants, formally taking 
account of such effects via so-called reserve fac- 
tors. These factors arise because the total car- 
rier present in the identified states is not nec- 
essarily constant, as assumed for the derivation 
of the rate equation [(see Eq.(3)]. In 
Appendix II, we have demonstrated that hid- 
den states do not compromise the basic con- 
clusions of this paper. 

HOMEOSTASIS: CYTOPLASMIC COMPOSITION 
AND TRANSPORT REGULATION 

The total driving force stored in an ion gradient 
and imposed across a cotransport  system can 
reach - 3 0 0  mV (Sanders & Slayman, 1982) - 
or even higher when the stoichiometric coef- 
ficient is taken into account. A free energy gra- 
dient of this size should sustain steady state 
accumulations of solute up to 105-fold (as for 
amino acids in fungi; Eddy, 1978), which might 
be beneficial to cells bathed in micromolar  so- 
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Fig. 18. Transinhibition in the presence of a driving force; 
apparent ligand-controlled gate. (A): Reaction kinetic 
scheme on which modelling is based. All reaction con- 
stants set to 1 except that subsuming binding of external 
H § (=100). Membrane potential set to - 1 5 0 m V  and 
introduced into reaction constants for transmembrane re- 
actions of loaded carrier as described in Eq. (1). Total 
driving force across system calculated as sum of elec- 
trochemical potential gradients of H + (A #H+) and S (A #s). 
Initially, A #H+ = -  268 mV and A fis = 0. The electrical and 
chemical components of A#H, have been assigned values 
typical for a nonanimal cell (-150 and - l l8mV, re- 
spectively). (B): Effect of increase in internal [S] (appro- 
priate binding constant adjusted accordingly) on net flux 
of S. Upper scale gives computed driving force as internal 
[SI increases. (C) (Inset): The same data plotted as a 
function of the driving force on a linear scale. Note the 
apparent "gating" effect around - 150 to -200 mV and 
the linearity of flux and driving force at larger (absolute) 
values of the driving force 

lute, but is clearly not acceptable if the external 
concentration lies in the millimolar range. The 
possibility of selective determination of flux by 
internal ligands (Fig. 16C) suggests that this 
aspect of kinetics could confer selective advan- 
tage on a cell for which control of internal 
solute concentration is important. This point is 
made more forcefully in Fig. 18 for a net flux: 
as internal solute concentration rises, net trans- 
port  (current flow) is steeply inhibited, despite 
the presence of a large driving force. [Figure 18 
is a specific demonstrat ion of the finding that 
transport  is not proportional to driving force 
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and  is ana logous  to our  earlier demons t r a t i on  
(Hansen  et al., 1981) tha t  vol tage thresholds  re- 
sembling gates can occur far f rom equi l ibr ium 
for electrogenic t ransport . ]  M a n y  examples of 
this t rans inhib i t ion  are known,  especially for 
amino  acids in bacter ia  and  fungi (Ring & 
Heinz,  1966; Crabeel  & Grenson,  1970; Pall, 
1971 ; K o t y k  & Rihova,  1972; Mor r i son  & Licht-  
stein, 1976; see also Belkhode  & Scholefield, 
1969; Russell, 1976; Giaquin ta ,  1980; Sanders, 
1980a). Near-cessat ion of t ranspor t  at  high in- 
ternal  levels of substrate has m a n y  of the char- 
acteristics of a feedback system, but  is more  
economica l  since it involves no messengers 
other  than  the necessary componen t s  of trans- 
port  (i.e., l igand and  carrier). The occurrence of 
t rans inhib i t ion  demands  caut ion  in a t tempts  to 
measure  driver ion/solute  s to ich iometry  f rom 
steady-state  t r ansmembrane  solute gradients:  
the s teady state will no t  in general  represent 
true equil ibrium. It should  be noted,  finally, 
tha t  t rans inhibi t ion  provides a simple react ion 
kinetic explana t ion  for the observat ion tha t  
s teady-state  accumula t ion  ratios decrease as ex- 
ternal  solute concent ra t ions  rise. It is an at trac-  
tive and  economical  al ternat ive to the hy- 
pothesis of internal  slips (see above). 

If  the relative values of react ion constants  
have evolved in response to the need for intrin- 
sic regula t ion  of t ransport ,  as these a rguments  
suggest, then  it comes as no surprise to discover 
a large diversity of kinetic behavior  in cotrans- 
port. Each t ranspor t  system will operate  in 
accord  with the specific homeos ta t i c  require- 
ments  of the cell type in which it is found,  and  it 
seems likely tha t  this fact, no t  differences in 
m e c h a n i s m  of t ransport ,  main ly  accounts  for ki- 
netic diversity. 
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Appendix I 
Derivation of Isotope Flux Equations 

The explicit algebraic forms of Eqs. (5) and (6), compressed 
only by concealment of ligand concentrations and mem- 
brane potential, are given in Table A1 for all models im- 
plied by the generalized diagram of Fig. 2A. A compact 
derivation of these relationships, using matrix notation 

(rather than the more traditional diagrammatic notation 
[King & Altman, 1956]) to solve for concentrations of 
individual carrier states, is as follows. The ensemble of 
steady-state rate equations can be written 

M V = N = N I  (A0) 

where the matrix (M) and vectors (V, N, and I) are defined 
by 

1 1 1 1 

- (k31+k3s)  k13 0 0 

k31 -(ki2q-k13 ) k21 0 

0 krt 2 -(k21 -I- k24 ) k42 
0 0 k24 - (k42 n t- k46 ) 
0 0 0 k46 

1 

0 
0 

0 

k6,, 

-(k64 +k65) 

1 N 3 

k53 Nt 

0 N 2 

o & 
o N~ 

ks~ Ns_ 

N 

0 
0 

0 
0 

0 

= N  

~-1- (3b) 

0 (A1-3) 
0 (AI-1) 

0 (A 1-2) 
0 (A1-4) 

_ 0  (A1-6) 
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Table A1. Simplified equations for maximal velocity and Michaelis constant 

CONDITIONS 

DOUBLY-LOADED CARRIER POSITIVE (+) 

First-On Models 

Saturating Membrane Potential 

HAXIMAL VELOCITY, J /N ~X 

k k k k 
42 13 35 56 

k42!(k13+k31)(k53+k56 ) + k35(k13+k56 )1 + k13k35k56 

Zero Trans-Ligand 
k k k k k 
42 21 13 35 56 

k42[k35k56(k21+k12+k13 ) + k21kls(k35+k56 )] + k35k56[k24(kls+k131)i"+ kslkl3] 

Saturating Cis-Driver Iou 
k k k k 
21 13 35 56 

k31(k53+k56)(k21+k12 ) + k35k56(k21+k12+k13 ) + kslk13(k35+k53+k56 ) 

Laet-OnModels 

Saturating Membrane Potential 
k k k k 
64 13 35 56 

k64[(k13+k31)(k53+k56 ) + k35(k13+k56 ) ] + k53k65(kls+k31 ) + k13k35(k56+ks5 ) 

Zero Trans-Ligand k64k21klsk35k56 
k k +k + k64[k21 13 ( 35 56 ) + k35k56(k21+kls+k13 )] kslk13k35(k56+kb5 ) 

Saturating Ci8-Driver Ion 

Last-off 

First-off 

{k31k24k12(k53+k56) + k35k56[k24(kli+ki3 ) + k21kl3]} k21k13k35 

[ksl(k53+k56)(k21+k12 ) * k35ks6(ks l+kls+k13)  + k21kls (k35§247 + k35[k24(kk2+k13 ) § k21kls ]}  

{k53kz4klsksl + k56[k13k35(k24+k21) + k24k12(k31+k35)]} k21kl3 

{k53[k21(kls+kSl) + kl2ksl ] �9 k56(k21+k12)(k31+k35 ) + k13[k21(k35+k56 ) + k35k5b]}[k24(k12+kls) + k21kl3] 

UNLOADED CARRIER NEGATIVE (-) 

First-On,Model8 

Saturating Membrane Potential 
k k k k 

Last-off .. . . 42 21 13 35 

First-off 

k42[(k21+k12)(ksl+k35 ) + k i 3 ( k s i + k 3 5 ) l  § k24k12(k31+k35) + klsk35(k24§ 

k k k {k k k k + 42 21 13 42 21 13 35 k46[k24k12(k31+k35 ) + klsk35(k24 +k21)]} 

{k42[ (k2i+k12)(ksl+k35) + kl3(k 21+k35 )I + k24~ 2 (ksl+~5) + k13k35(k24+k21 )} {k42k21k13 § k4b [~4 k 12 + kl3(k 24+k21)1 } 

Zero Trans-Ligand 
k42k21k13k35k56 

k42[k35k56(k21+k12§ ) + k21k13(k35+k53 )] + k35[k24(klsk56 + k13k53) + k21k13k56] 

Saturating Cis-Driver Ion 

Last-on Models 

k k k k 
21 13 35 56 

ksi(k21+k12)(k53+k561 > k 21 k13 (k35 § 53 § 56 ) + k 35 k 56 (k 2I § I2+k 13 ) 

Saturating Membrane Potential 

Last-off 

First-off 

k k k k 
64 21 13 35 

k64[(k21*k12)(ks l+k35 ) + k13(k21+k35)l + kslk13k35 

k64k21kts[kt3kls(k24+ksl) + kz4k12(k31+k35 )] 

{k64[(k21§ ) + kt3(k21+k35 )] + k21k13k35}[k24(k12+k13 ) § k21k13] 

Zero Trans-Ligand 
k k k k k 

~4 21 I3 35 56 
k [k k (k .+k +k ) 6/4 35 56 21 12 13 4- k21k13(k35§ + k21k13k35(k5b§ ) 

Satuzating Cis-Driver Ion 

Last-off 

First-off 

{k3ik24k12(k53.k56 ) + k35k56[k24(k12§ * k2ikl3]} k k k 21 13 35 
+ k k (k +k +k )]{k k k § [k31(k53+k56)(k21+k12 ) k21k13(k35§ ) + 35 56 21 12 13 31 24 12 k35(k24(k12+k13 ) + k21k131~ 

{(k~ §167 k24k~sk~§ [k24(k~2+k~) § k21k13] § k35k56} k21k/3 

{(k53+k56)[ksl(k2!+ki2) + k21ki3] + ks5[k56(k21+k12+k13) k21k13]}[k24(k12§ ) + k21kl3T 

This table gives the explicit forms of text Eqs. (5) and (6) for three useful simplifications: saturating A@ (ceil interior 
negative), zero trans-ligand, and saturating cis-dri•er ion. The upper half table treats only the doubly loaded carrier as 
charged (+), and the lower half table treats only the unloaded carrier as charged ( - ) .  The terms for ion concentration 
([H§ [H+]~) and membrane potential (A t)) have not been extracted; this simplifies the algebraic grouping of terms and 
in some cases makes the equations identical for first-off and last-off models under each main heading (i.e., '~ 
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MlCaAELIS c(~sT~rr, K ~UATION 

(k42+k46)[k53k65(k13+k31) + k13k35(kSb+k65)~ 

k~4{k42|(k13*}31)(k53+k56 ) + k35(k13+k56 )] * k13k35k56} 

{k42k21k13 + k46[k24(k12+k13 ) + k21k131} k35(k56+k6~ ) 

k ~ {k [k k (k +k +k ) § + k21kl3]} 64 42 35 56 21 12 13 k21k13(k35+k56 )] + k35k56[k24(k12+k13 ) 

k k k (k +k ) + 31 53 65 21 12 k21k13[k65(k35+k53 ) k35k56] 
§ 

k ~ [k (k +k )(k +k ) + k k (k +k +k ) + k k (k +k +k )1 
64 31 53 56 21 12 35 56 21 12 13 21 13 35 53 56 

A l ) a , b  

Al4a.b 

AlSa,b 

k64k13k35k56 § k46[k53k65(k13+k31 ) + k13k35(k56+k65)] 

k~2{k6&[(k13+k31)(k53+k56 ) + k35(k13+k56)] * ks]k65(k13+k31 ) * k13k35(k56+k65 )} 

[k64k35k56 + k46k35(k56+k65)][k24(k12*k13 ) + k2lkl3] 
k ~ {k [k k (k +k ) + k k (k +k +k )] + k k k (k +k )} 
42 64 21 13 35 56 35 56 21 12 13 21 13 35 56 65 

k31k24k12(k53+k56) + k35k56<k24(k12~k13 } + k21k13) 
k ~ lk (k +k )(k § ) + k k (k +k Ck ) § k k (k +k +k )] 

42 31 53 56 21 12 35 56 21 [2 13 21 13 35 53 56 

k53k24k12k31 + k56[k13k35(k24+k21) + k24k12(k31+k35)~ 

k~2{kf3[k21(k13+k31 ) + k12k31] + k56(k21+k12)(k31+k35) + k13[k21(k35+k56 ) * k35k56]} 

Al6a,b 

Al7a,b 

AlSa,b 

Al9a,b 

k k k k * k (k k (k +k ) + k13k35(k24+k21)]} 42 21 13 35 46 24 12 31 35 
k O {k [ (k  +k ) (k  +k) + k13(k21+k35)[ + k24k12(k31+k35) + k[3k35(k24+k2L)} 64 42 2l 12 3~ 33 

Same as for "FL", immediately above 

A20a,b 

A2la,b 

k42k35[k13(k46+k2i)(k56+k65 ) + k12kA6(k56§ + k46k21k13k3~(k~6+k6~ ) 

k~4{k42[k35k56(k21+k12+k13) + k21k13(k35~k53)l + k35[k24(k12k56 + kt3k53) + kz1k13k561} 

k k k (k +k ) + k k [k (k +k ) + 
31 53 65 21 12 21 !3 65 3~ 53 k3~k56] 

k O {k (k +k ) (k  +k ) + § k35k56(k21+k12+k[3 ) } 64 31 21 12 53 56 k21k13(k35+k53§ ) 

A22a,b 

A23a,b 

(k +k )[k k (k +k ) + 
64 46 13 35 24 21 k24k12(k31§ 

k ~ {k [(k +k )(k § ) + 42 64 21 12 31 35 k13(k21+k35 }] k21k13k35} 
§ 

Same as for "LL", immediately above. 

A24a,b 

A25a,b 

[(k64+k46) k56 + k65k46] [k2~(k i2 r  ) + k21ki3]  k35 
k ~ (k [k k (k k k ) + + 42 64 35 56 21 + 12 + 13 k21k13(k35+k56 )] k21k13k35(k56+k65 )) 

AZ~.a ,b 

k31k24k12(k53+k56) + k35k56[k24(k12§ ) r k21kl~] 
k ~ k (k +k ) (k  +k ) + k k (k +k +k ) + k k (k +k *k )] 

42 31 53 56 21 2 21 13 35 53 56 35 56 21 i2  13 

A27a.b 

(k53+k56) k24k12k~l + [k24(k12+kl~ ) + k21kl~J k~ks~ 

k [k (k +k +k ) + k21k13]} k~2{(k53+k56)[k31(k21+k12 ) + k21k13] * 35 56 21 12 13 
A2Ba~b 

"LF"="LL"). [The general condition for this equivalence is that the constrained reaction parameter must lie between the 
reaction steps for binding and release of substrate.] In all cases terms have been grouped so that [H+]o (preferably) or 
[H+]~ will come out as simple coefficients when the parameter equivalences in the legend to Fig. 2 are substituted. 
Regrouping of terms and substitution of text Eqs. (1) or (2) are required to obtain convenient expressions with membrane 
potential. The resultant more elaborate equations are given for one case, "FL," as text Eqs. (7)-(12). 
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In this form, the first equation represents conservation of 
total carrier, text Eq.(3b). The other equations are the 
steady-state expressions specifying that each state of the 
carrier is generated by two reactions and destroyed ( - )  by 
two reactions. One additional equation (i.e., (A1-5): N3k35 
+N6k65-Ns(k53q-k56)-~O) is redundant, and has been 
omitted. The density of each carrier state, Nx to N6, can 
now be written as 

Nj=N.IMjl / IMI  (A2) 

in which IMI is the determinant of M and [Mj[ is the 
determinant of the matrix obtained by substituting the 
vector I for the j-th column in M. As will be seen below, 
in order to characterize the influx of isotopically labeled 
substrate (counterclockwise transit in Figs. 1 and 2) only 
carrier state densities N 6 and N 4 need actually be solved. 

It is convenient to group the explicit terms of the 
denominator differently depending on whether labeled 
substrate binds in the reaction N O to N 4 or the reaction N 4 
to N 2. Because the 6-state models of Figs. 1 and 2 are 
single unbranched loops, each reaction constant appears 
as a simple factor in 15 terms of the expanded deter- 
minant IM] (36 terms total). Equation(A2) can thus be 
rewritten, for the two key states, as 

N,~ = N. ]M 4 I/(A 4 + k42 B4) (A 3-4) 

and 

N o = N.  1~/I6 [/(A 6 -~ k6,* B 6)" (A 3-6) 

It remains only to note (legend to Fig. 2) that, for the 
models of Fig. 1 C-D, k42 =k~2[S]o ; and, for the models of 
Fig. 1A-B, k64=k~4[S]o . We thus have N, Mj, Aj, k ~ and 
Bj as used in Eqs. (5) and (6) and Table 1. Analogous 
calculations by the King and Altman (t956) method gen-  
erate expressions identical to those in Table 1. Boudart's 
(1976) method can also be used (see Chapman, 1982), 
though its utility is restricted because the reaction con- 
stants subsume concentrations of carrier states which are 
not known a priori. 

Terms P and *M in Eqs. 5, 6 and Table 1 concern 
specifically that fraction of the carrier system which is 
bound to isotope. Provided experiments are executed with 
zero isotopic labeling of intracellular substrate and with 
extracellular isotope added at zero time (usual arrange- 
ment for initial rate measurements), then passage of 
chemical substrate (S) from inside to outside (clockwise in 
Figs. 1 and 2) will not falsify the isotope flux per se. It will, 
however, perturb the isotope influx by dilution of carrier. 
This means that the simple dissociation reactions SXH + 
~-XH + +Si or S X ~ X + S  i cannot gauge the isotope flux 
because the specific activity of S bound to those "unload- 
ing" states of the carrier is less than the specific activity of 
S in the external solution. In other words, if the transport 
reaction is expressed in the conventional format of enzyme 
kinetics (X + S--*X + P ;  Page & West, 1981), an estimate of 
the isotopic flux will only result if P =0, or if it is ex- 
plicitly recognized that P is chemically identical to S. The 
traditional method of solving this problem is to calculate 
backwards from the "unloading" state to the "loading" 
state of the carrier (e.g., Cleland, 1967; Cuppoletti & Segel, 
1975b), at which point the relevant specific activity is just 
that of the external medium, [*S]o/[S] o. 

The method is most simply illustrated for the last on- 
first off model (Fig. 1D). Again using the steady-state as- 
sumption, 

in which * designates isotopically tagged carrier. The N 3 
term is missing because no isotope is present inside the 
cell. The next step backwards is 

d*N2/dt = 0 =  *N t k12 - *N2 (k21 + k24 ) + N,, [*So] k,] 2. (A4-2) 

No further steps are necessary, since both *N~ and *N 2 
can now be solved in terms of the unlabeled carrier state 
N 4 and isotopically labeled extracellular substrate *S. 

The two Eqs.(A4-1, 2) can be rewritten in matrix 
form as 

[-(k,2+k,3) k21 ][%] 
k12 -(k2l  +k24)J L*N2J 

0 

which is related to Eq. (A 1) above by the fact that the left- 
hand matrix in (A5) is a submatrix of the left-hand matrix 
in (A i). And the corresponding isotope equations for the 
other three models (Figs. 1A-C) can be written down al- 
most directly from Eq.(AI) by lengthening the matrix 
diagonal of Eq. (A5) to include the term -(k31 +k35 ) for 
the last-off models and include -(k42+k46 ) for the first- 
on models. 

Thus, the first on-first off model (Fig. 1B) gives 

--(k12 -]-k13 ) k21 0 ] [*N1] 
-(k l+k2d ] ]%] 

0 k24 -(k42+k46)] [_*N~] 

=N6[*S]ok~ ; (A6) 

t h e  last on-last off model (Fig. 1 C) gives 

--(k31-}- k35 ) k13 0 ] [*N3] 

k31 - (k l z+k l3 )  k21 [ ] *Nil 
0 k,2 -(k21 +k24)J [_*N23 

_ , o ( A 7 )  -N4[  8]ok42 

and finally, the first on-last off model (Fig. 1A) gives 

- (k3,  +k3s) k,3 

k31 -(kl2q-kl  3) 

0 k12 
0 

* N1 * k~ . 
*N2 =N0[ S]o 64 

*N4J 

k2~ 
--(k2t +k24) ]s 

k24 -- (k42 q- k46)_ ] 

(A 8) 

All four of these equations may then be solved for the 
"unloading" state of the isotopically labeled carrier (*N 3 in 
the last-off models; *N t in the first-off models) in terms of 
the external concentration of labeled substrate ([*S]o) and 
the "loading" state of the carrier (N 6 for the first-on mo- 
dels; and N~ for the last-on models). Solution by de- 
terminants is exactly analogous to Eq. (A2), and can be 
written as 

d * N l / d t = O =  - *N1 (k 12 -~- k 13) -}- *N2 k21 (A4-1) *N~=N4[*S]ok~ (A9a) 
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or  

*Nz = N6 [*S~o k~4, I *M, I/l*MI (A 9 b) 

in which the subscript i has the value 1 or 3 and I*Mt is 
the determinant for the left-hand matrix in Eqs. (A5), (A6), 
(A7), or (A8) and indicated in text Eqs. (5) and (6) and 
Table 1. The unidirectional isotope influx (counterclock- 
wise in Figs. 1 and 2) is then given by the product of *N~ 
and the appropriate dissociation constant: 

*Js=*Nlk,3 or *Js=*N3k35 (A10-1,3) 

which corresponds to text Eq. (4). Since there are two 
values for *N 1 and two for *N3, combination of Eqs. (A 10- 
1, 3) with Eqs. (A3-4,6) gives four flux equations in all, 
one for each diagram in Fig. 1. Partial algebraic expansion 
of each equation yields the following kind of result (e.g., 
for the first on-last off model, Fig. 1A): 

*Js=X IM61 k42k21k13k35k~176 ( A l l a )  
I*MI A6q-B6k~ 

Upon division of numerator and denominator by B 6k~4, 
k~4 cancels out of the numerator, so that the product of 
clockwise reaction constants is simply 

P=_k42k21k13k35. (A12a) 

Equations similar to Eqs. ( A l l a )  and (A12a) can be 
written for a l l  three other cotransport diagrams in Fig. 1. 
The full expansions of terms, in all four binding and 
unloading sequences, are listed in Table 1. Equation 
( A l i a )  and its congeners have the overall form of a 
Michaelis-Menten relationship, for which K,, and Ym~ are 
given in text Eqs. (5) and (6). Since all extracellular sub- 
strate is isotopically labeled (after zero time in an initial- 
rate experiment) at a fixed specific activity, we have omit- 
ted the label notation * from text Eqs. (4)-(6) and from 
Table 1. 

Appendix 1I 
Reserve Factors and the Effects 
of Concealed Carrier States 

Throughout the discussion above, it was convenient to 
assume that the model represented by Fig. 2A, Eqs. (4)-(6), 
and the matrix relations of Eqs. (A0), (A1), and (A5)-(A9) 
is realistic and accurate with respect to the number and 
arrangement of functional carrier states. In general, this is 
unlikely to be true for complex reactions, and models like 
those of Figs. 1 and 2 should properly be regarded as 
pseudo 6-state models that approximate real n-state sys- 
tems. 

The question naturally arises, therefore, of how the 
presence of unidentified carrier states in a real system for 
cotransport would affect the kinetic relationships outlined 
above. The purpose of this Appendix is to show that 
unidentified states have no qualitative effect on the kinetic 
behavior of cotransport systems, at least if the flux 
measurements are made with the transport system in 
steady state [dNi/dt=O; see assumption (ii), near Eq. (3a)]. 
We shall use the general approach adopted for the de- 
scription of current-voltage relationships (Hansen et al., 
1981; pp. 169 & 186-187), and define (i) a set of reserve 
factors - designated r, .(i=1,2,. . . ,6) - which formally 
accommodate the concealed carrier states, and (ii) a set of 
empirical reaction constants - designated K12, K24, etc. - 

which would actually be computed by analyzing experi- 
mental data without inclusion of the reserve factors. 

[Previous analyses of the behavior of reduced trans- 
port- or enzyme-kinetic models have been given by several 
authors, including Cha (1968), Hill (1977), and Reich and 
Sel'kov (1981). In all those cases, however, the key to 
model reduction was to assume equilibrium for certain 
segments of the particular reaction diagram. Although it 
eliminates reserve factors and selected reaction constants, 
that procedure is akin to the a priori assumption of rate 
limitation by transmembrane transfer, and is not satisfac- 
tory in the present context.] 

PHYSICAL SIGNIFICANCE OF RESERVE FACTORS 

Suppose a particular reaction step, say N 6 ~ N  5 in Fig. 2A, 
actually contains one unidentified carrier state (z), so that 
N 6 ~ N ~ - N  5. Obviously, on analysis by a 6-state model, 
state z will appear added partially to state 6 and partially 
to state 5. In fact, N~ can be written as a relatively simple 
algebraic function of its associated reaction constants 
(Hansen et al., 1981; Gradmann et al., 1982): 

ksz koz 
N~ ~ N s + ~ N 6 = r s ~ N s + r 6 z N 6  (A29) 

in which the right-hand terms serve to define partial re- 
serve factors. If other reaction steps adjacent to Nr 5 
also contain concealed carriers, or if the transition be- 
tween states 6 and 5 is still more complicated, then all 
contributing terms must be included in the total reserve 
factors, so that 

r s = l + r s z + r s x + . . ,  and rh=l+r6z+r6r+... (A30) 

where the subscripts x and y denote additional concealed 
carrier states. The summary relationships between the ap- 
parent density of carrier state 5 (Ns) or carrier state 6 (N6) 
and the respective real densities (Ns, N6) are then 

Ns=rsN5 and N6=r6N6 (A31a, b) 

or more generally 

N,.=r,N~ and ~=r jN~  (A31c, d) 

when the possible presence of unknown carrier states in 
all steps of Fig. 2 is allowed. 

Evidently, kinetic analysis carried out without knowl- 
edge of the composite nature of the N s ~ N  6 transition 
would find reaction velocities (d56,J6s) to be the product 
of each apparent state density times an apparent or em- 
pirical reaction constant: 

J56 ~--- 1~5 K56' J65 = iV6 K'65 . (A32) 

On the other hand, if we imagine an alternative reaction 
scheme in which N6 ~N 5 does take place without con- 
cealed states and at the same velocity as in No~-N=~-Ns, 
then 

ds6=Nsks6 and Y65=N6k65 (A33) 

whence it follows that (in general form) 

~q;=kij/r i and Kji=kji/rj. (A34) 

Equations (A31)-(A34) are a formal statement of an 
important and intuitively evident circumstance: that the 
observed reaction rate between two carrier states (i.e., the 
reaction product N~kij ) is not affected by the presence of 
unidentified carrier states. This means that distortion in 
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kinetic analysis arises only in the manner of partitioning the 
rate product between the carrier state density and the re- 
action rate constant. 

THE PSEUDO 6-STATE MODEL 

With the model of Fig. 2A taken as a pseudo model, so 
that the real system contains unidentified carrier states, 
carrier conservation must be represented by Eq. (3 a), rath- 
er than (3b), and Eq. (A1) becomes 

from new techniques: spectrophotometric tracing of in- 
dividual carrier states, double isotope flux analysis, use of 
site-specific inhibitors, or activation by substrate anal- 
ogues, to suggest a few. 

A simple example serves to illustrate the practical 
consequences of concealed carrier states. In the reaction 
chain N6~---N~N s containing the concealed state z, let 
the density of the three states be 100 and the magnitudes 
of all reaction constants equal 1,000; the reserve factor r 6 
will assume the value 1.5 [Eqs. (A29) and (A30)]. Hence 

r3 rl r2 Y4 F6 r5 

-(kalq-k35 ) k13 0 0 0 k5~ 

k31 -(k12+k13 ) k21 0 0 0 
0 k12 -(k21 +kz4. ) k42 0 0 

0 0 k24 - (k42 + k46 ) k64 0 
0 0 0 k46 -(k64+k65 ) k5~ 

r-N~- -1~ 
IN, 0 

N~ =NiOl 

N 6 0 

_U~_ I_O] 

(A35) 

By means of Eqs.(A31c, d) and (A34), the above matrix can be converted 

1 1 1 1 1 1 

-(~31 + ~35) ~13 0 0 0 ~5~ 

~31 --(K12+K13 ) K21 0 0 0 
0 K12 --(~21+~24) ~42 0 0 

0 0 ~24 - ( ~ 4 2  +~46)  ~64 0 

0 0 0 N46 --(K64+~65) NS( 

back to the form of (A1), viz., 

N 3 1 
N 1 0 

N2 = N  0 
N~ 0 

Ns_ _0 _ 

(A36) 

Equations (A31), (A34), and (A36) can be generalized to 
the representation of any real n-state system by that m- 
state model (m < n) which is most convenient in relation to 
a particular ensemble of experiments. 

PRACTICAL CONSEQUENCES 

The essential practical consequence of Eq. (A36) and its 
congeners is that no generality is lost by reduced kinetic 
representation of a complex system, provided that incor- 
poration of reserve factors into the empirical reaction con- 
stants is kept in mind. Since, for steady-state systems, each 
reserve factor is a definite algebraic function of involved 
real reaction constants, subsequent knowledge of inter- 
mediate states makes possible exact calculation of the N~'s 
and ku's, given knowledge of the ~ ' s  and tcu's from a 
particular model. Thus, with appropriate bookkeeping via 
reserve factors, reduced models for a reaction system yield 
families of apparent state densities and reaction constants 
which can be converted to physically more realistic fa- 
milies as further data emerge. In practical analysis of 
transport kinetics, relevant further data can be expected 

the empirical rate constant /s will be 667 [Eq. (A34)], 
instead of 1,000; and correspondingly, the apparent carrier 
density in state 6 (N6) will be 150 [Eq.(A31b)], rather 
than 100. Thus, the measured and real rates of unidirec- 
tional decay for carrier state 6 coincide (/Y61c65=N6k6~ 
= 10s). From an experimental point of view, of course, the 
distortion will always appear in tc65, because only the total 
carrier density (N), for all states, appears in the resolved 
kinetic equations. 

One note of caution, however, is in order. In the 
partial reaction N , ~ N 6 ~ - N ~ N s ~ N 3 ,  the presence of 
(unknown) state z distorts not only reaction constants ~q6 
and tc65, but also k53 and k64 (which must be written as 
t%3 and tc64 ). This happens because the steady-sta_te veloci- 
ties "/53 and J64 contain apparent state densities N 6 and Ns. 
We have previously classified such transfer effects as either 
parallel-positive or antiparallel negative - depending on the 
particular choice of reaction constants, for a pseudo 2- 
state representation of ion pumping, in which the primary 
experimental variable was membrane potential (Hansen et 
al., 1980, Similar classification is possible for larger kinet- 
ic models and variable ligand concentrations. 


